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Inteoduction. 



This paper is a continuation of that at pp. 43-95 supra, on ^^The Potential of 
an Anchor Ring." In that paper the potential of an anchor ring was found at 
all external points ; in this, its value is determined at internal points. The annular 
form of rotating gravitating fluid was also discussed in that paper ; here the 
stability of such a ring is considered. In addition^ the potential of a ring whose 
cross-section is elliptic, being of interest in connection with Saturn, is obtained. The 
similarity of the methods employed, as well as of the analysis, has led me to give in 
this paper also a " determination of the steady motion of a single vortex-ring in an 
infinite fluid, and of several fine vortex rings on the same axis. 

In Section /. solutions of Laplace's equation applicable to space inside an anchor 
ring are obtained. These results are applied to obtain the potential of a solid ring at 
internal points, and also of a distribution of matter on the surface of the ring. The 
work done in collecting the ring from infinity is obtained. 

In Section IL the stability of an annulus of rotating gravitating fluid is considered 
for three kinds of disturbances. 

(1) Fluted: i.e,, those in which the ring remains symmetrical about its axis,"^' but 

the cross- section is deformed. 

(2) Twisted: i.e., those in which the cross-section remains circular, but the 

circular axis of the ring is deformed. 

(3) Beaded: i.e., those in which the circular axis of the ring is undisturbed, but 

the cross-section is a circle of variable radius. 
The ring is found to be stable for fluted and twisted waves, but is broken up by 
long beaded waves. 

^^ Axis of the ring througliout the paper means the axis of revolution ; the central circle of the ring 
is called the circular axis. 
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Section III, is devoted to Saturn's rings. In Laplace's proof (^ Mec. Cel/ Book 3^ 
c. 6) that the rings are not continuous fluids he assumes the attraction of a ring of 
elliptic cross-section on a point at the surface to be the same as that of an elUptic 
cylinder. Mme. Kowalewski, in her memoir on the ring of Saturn (' Astronomische 
Nachrichten/ No. 2643^ vol. Ill, 1885) uses a method which applies only to rings of 
nearly circular section. Here I have attempted to find the potential of a ring of 
elliptic cross-section. Applied to Saturn^ the results obtained agree fairly with 

In Section IV, the steady motion of a single vortex-ring of finite cross-section is 
discussed. If m be its strength, c its mean radius, and its cross-section be given by 

R = a { 1 + A ^^^ 2x + jSg cos 3x + ^^ cos 4}( + • • • }> 

it is shown that ^g, ^g, ^4 . . . are of the 2nd, Srd, &c,5 orders in a/c, and their values 
are found as far as {ajcf. 
The velocity of the ring 







2 
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The results agree with those given by Mr. HiCKS^ obtained by means of Toroidal 
Functions. ('Phil. Trans./ 1884-1885.) 

In Section V. the motion of a number of fine vortex rings on the same axis is 
discussed. Equations are obtained giving the forward velocity and the rate of 
increase of the radius of each ring. Let m^ be the strength, c^ the mean radius, 
Gi the radius of the cross-section, and Zi the distance of the centre along the axis of ^ 
for one of the rings. 

It is shown that the kinetic energy of the system is given by 

C^Cg COS (f) cl<^ 



T =3 8sf-^ (log ^'' - 1) + m.^, Tt/T 



f + c/ - 2ciCj, cos <^ + c/} 



The equations of motion are 



oTT ve 



1 

1 Bt 



> « 






% 



The momentum integral takes the simple form 

\2 (mjCj^) := const. 
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The special cases of one ring pursuing another of equal strength, of the direct 
approach of a ring towards a fixed plane^ and of the motion of a ring over a spherical 
obstacle are considered in detail. 



Section I. 

§§ 1-4. Solution of Laplace's equation inside an anchor ring. 
§§ 5-7. Potential of a solid anchor ring at internal points. 

Exhaustion of potential energy. 
|§ 8-9. Potential of a distribution of matter on the surface of a ring, at all 
internal points, and at external points near the ring. 

Section II, 

§§10-13. Potential and exhaustion of potential energy of a ring whose cross- 
section isR = a(l +S/8^ cos n^. 
§§ 14-15. Small fluted oscillations of a gravitating fluid ring, 
§§ 16-19. Exhaustion of potential energy of a ring which has beaded waves on it. 

§ 20. Such waves render the ring unstable. 
§§ 21-22. Exhaustion of potential energy of a ring whose central circle is deformed. 

§ 23. Such deformation does not produce instability. 

Section III 

§§ 24-26. Potential of a ring, whose cross-section is elliptic, at external points. 
§ 27. When the elliptic section is very flat. 
§ 28. Application to Saturn, 

Section IV. 

§ 29. Steady motion of a single thick vortex ring. 
§§ 30-34. The stream-line function, 
§§ 35-36. Determination of the velocity and the form of the cross-section. 

§ 37. Small fluted oscillations. 

Section V. 

§ 38. Stream-line function for any number of fine vortex rings on the same 
axis. 

§ 39. The equations of motion of the rings. 
§§ 40-42. The integrals of momentum and energy. 
§§ 43-47. Special cases of two rings, 
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1044 



MR. F. W. DYSON ON" THE POTENTIAL OF AN ANCHOR RING. 



Section 



§ l. To find solutions 0/ Laplace's Equation applicable to space inside an anchor 
ring. 



z 



o 




Let be the centre of the ring, OZ its axis. 

Let any section through OZ cut the ring in the circle whose centre is C. 

Let Q be any point in that section. 

Let 00 = c, CA = a, and let the coordinates of Q, referred to CA and CB as axes, 
be X and % ; also let the polar coordinate of Q, referred to C as origin, CA as initial 
line, be E and x? so that CQ = R and £ ACQ =^ x* 

In cylindrical coordinates, Laplace^s equation is 

d^N 1 clN d^Y 1 dW _ 

• "• ■ l.r i fa »i( ' a ■ ~~ t an I Mil _— Bttw l nta l "^ * © *■"■' — ^„_^__ | I 

dm^ vj dvs dz^ ot^ d(^^ 

Writing ^s- = c — cT, this becomes 



d^Y dW 
dx^ dz^ 



1 dj^ _ 1 dFY 

c -— vV dx (g — cvy d(j)'^ 



We shall find solutions of this equation in descending powers of c. 
First, consider the case where V is independent of (j). 
Then 



Let 



^ [dx^ "*" dz^ ) "^ ^' \dx^ "^ \ky ^ 'dx 



1 1 

6 U' 



then 
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Let 



then 



therefore 



Take 



then 



n 



dm 

dx^ 

doc} 
dm. 



n+2 



+ 


dz^ 


+ 




-L. 


Oj ^n\% 



dx^ 



d?} 







X 






^6^2U, 



n 



9 



dx 



de^ / 



dx^ 



T- 



dz^ 



W |wM 



I— i»MW 



dV) 



n 



dw 



r 



w+i 



dx 



&C., 



&c. 



U,, = (x + izf, 



'^' + '^ = n{x + izY-\ 



U,,^.i = i (x — ^;^) (x + i^Y + C (^ + i^Y''^* 

= 0, 

U",,+i = 1^ (x — ^2;) (i3<j + izY. 



From this 11^4.2 might be founds and so on, 

§ 2. It is, however, more convenient to transform the equations to polar coordinates. 

Let 

X = ad" cos Xs ^ = <^^^ sin x« 



For points inside the ring p varies from — oo to 0, and x from to 2tt. 

Now, 

d\] 1 . / rfU . ^U^ 



dx 



6 M cos V , 
a \ ^ dp 



sm X ~ 



^%, 



d\J 



e"^ ( sm X T" + cos X -J- ) , 



^p 



^X/ 



and 



d^V , «^3xj 
+ 



dx^ 



dz' 



1 2n/^^U , d^V 



a 



3 



dp^ dx 



3 



Substituting in the above equations, we find 



dp' "*" ^% 



3 







d^J]n+\ , d^JJn + j 



dp^ 

Ci VJ n + 2 

dp' 



«K*iiM 






dx" 

d^U. 



= ae" < 



cos 



>»+2 



^%^ 



fd^JJ. 
&c. 



+ .1 9. "T 



dx' dp 



- sm X 



dU. 



n 



<^X 



n+i I CO V n+i 



+ 



<^X 



3 



+ 



Ct \j n+X 

dp 



•^ 



-smx 



d\J. 



n + 



^x 



1 



&c, 



J 



* • 



(1). 
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XjOXi 



Then 



1 hereiore 



This gives 



U,^ = e'^p cos n^o 






dp' 



^# + 



-j- 



dji 



an T 



ae 



n + Ip A/ 



n cos n — Ix- 



e'*+l^cos^^ — 1 



X 



(^n + 1)3 -{n- If 

= a^e^'' + -'>cos (^?. — l)x» 



rf^n 






'X 



- COS (n -»^ 2)x + —J— cos ^^x }* 



Therefore 



U, 



n + 2 



^ ^2,(.4-2)pIi2^jLl)_ 



16 (n + 1) 



COS ^x + "32 COS (t^ — 2) X 



In the same way we find 



U«4_.q — " 



?^ + 3 



a 

2 



3 



■2 (2n + 2) (2ra + 4) 






2 . 4 2w + 2 



+ 2717^ '^''^ ^'' ~ ^) X r 



i)x 



This suggests the form of TJn+p, which, is easily verified. 



TJ — 



n + p 



a\P 
2 



e 



0.+^)p J 1 L^ ^ ^ — , / .,( COS (n + p — 2)x 

. p - 1 1 . 3 (2?i 4- 1) ... (2^ + 2j? »- 5) , , 



+ 



1 2 . 4 (2^ + 2) , , . (2?^ + 2p -- 4) 

(j9^1)(p-2) 1.3.5 (2?i + l)>..(2^?- + 2j)~>7) 
2 I 2.4.6 (2n + 2),.,{2n + 2p'-'G) 



COS (ti+p 



4)x 

■6)x+...|(2). 



This formula for U„+^ holds whether j? be > or < n. The number of terms in 



1 1 

I 3. The series U^ + - U^+i + -^ TJn+2 + . « . is a solution of Laplace's equation. It 
is convergent at all internal points. 



For U,,+^ is < U e^'"'^^'{l + iy-\ 



Thus the series U^ + - 11^+1 . . . converges more rapidly than the geometrical pro- 

G 



gression 



l+-+^>&c. 
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Writing sines instead of cosines, we obtain another set of solutions of Laplace's 
equation applicable to space inside a riog. 

Writing — n for n solutions of Laplace's equation applicable to space just outside 
an anchor ring are obtained. They can, however, only be obtained as far as the nth. 
term. At this point log R arises in the series. In obtaining each term from the pre- 
ceding, as an integration is performed, a constant should be added ; and for the series 
to be convergent these constants must have definite values. To find the series further, 
the method of my former paper is necessary. 

The following are the solutions of Laplace's equation inside a ring for ^ = 0, 
I5 2, 3, or 4. 

Constant. 



r*r\c ■\/ .11. 1 III. — i > ~- '- - 

cob X i^ 4>, • 2 • .,3 ^ 



a 



SwJiaMW 



CI 

2c '^ w 
a \4 E'5 



a 

2c. 



3 



~ „ 



/a\3E* 



-\ 



i • ,7 cos X + (^2cj ^ (t cos 2x + -h) 



jqC I Ct 



{'li-g cos 3x + II cos x) + • • M 



a 



E3 






J cos 2x + J^ . i . ^^ cos X + (2^ ) ;j (1% cos 2x + |) 

CO \ Xb 



WWHtaKf* 



2c I a'' 



(ft COS 3x + I COS x) + • . ., 



> ■ (3). 



E^ a E* /a \^ E^ 

J COS 3x + ^ . i . ^:r COS 2x + I ^ J ^ (ft cos 3x + | cos x) + • • • 



E* . _L ^ 1 ?! q , 

cos 4:V "~f" o • 2^ • ^ COS €)V •"!"* • . * 



a 



4 






a*- 



-^ 



§ 4. In discussing the stability of a fluid ring, approximate solutions of the 
equation 



# V #V 



1 dY 



WM^BMr 



1 



d^Y 



dx^ dx^ c — X dx (c — xf d(p^ 
are required. 

Writing V cos p^ for V, it becomes 



= 



drV cfV !___ dY 

dx^ dz^ c — X dx 



P 



(c — x)' 



V = 0. 



If jo is of the order c/a the last term becomes of the same order as the terms 
^■^ + ^. and the nua«„„ .ay be written 



dx^ 



dz 



.3 I rl^M 



P^ 



(.(/JU 



clz' 



f& 



V 



1 



c 






,3 



{X 



dV 
dm 









&c. = 
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and the equation must be regarded as an approximation to 



(PY cm 
+ 



dx' 



clz^ 



P 



C' 



or 



clR^ "^ E ' dll "^ E^ dx" 



I 

c 



\/ CBBmaanKm i 1 



of which cos nx . J^ ( ) is a solution ; and starting from this, an approximate solution 
may be obtained. 

We shall only need the cases in which p is small. 

The equation may then be written 



#V cPY 



1 dY 1 ( dY 
+ -Ax 



dx^ dz^ c dx c 



2 



iY \ 1 / . 



dv 



+ 2p^xY) + . * 



An approximate solution of this is 



p 

JLv' 



u 



cos pct> \ ^ COS nx + ^ ^^i cos {n - l)x 



JL ---- -^— --- ._L_^ — — ^3Qg ^y + 3 cos (n 



2))() + &c. I . . . (4). 



When n == the solution is 



cos pcjy 






W 



1 + 7T 'P^ —o + &C. 



*»S S^dAA 



(5). 



§ 5. To ^^nd ^^e Potential of a solid anchor ring at an internal point. 
At any external point whose polar coordinates are r, 9^ <f), 



V = 



M 



TT 



'It 



d(f) 



Mifc J wnw 



r# d f^ 



cl<^ 



\/ 0'^ + c^ — 2cr sin Oooscj)) 8 ' cc^c J o \/ {r^ + c^ — 2cr sin cos (^) 



a^^ 



dy '^ 



dip 



192 \ cc^c/ Jo -y/ (r^ + c^ — 2cr sin ^ cos ^) 



&Ce 



# 



Using the expansions of the integrals given in that paper^ we find that at the 
surface of the ring 



* a 



Supra^ p. 59. 
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V = 27raM\ + 2 + 



T" 



x + l 

2 



cr COS ;y + 






16 



16 



(T 



3 



G0SX+~-~J~^C08ox 



32 



64 



cr' 






'^, + ^^%=#^co.2x+^<^ii«c„B4, 



256 



128 



1024 



cr* 4- &c. L (6), 



where cr = a/c, and X = 
Now, inside the ring, 

Let 
then 



log- (Sc/a) — 2. 



(TV (FV; 1 f|V 



0. 



V 



2772^ + Vj, 



+ -TT + "— =0. 



rf 



ur' 



w rftir 



We may, therefore, assume that 



V 



27ra^ 



z' 



— ~ + Ai 

+ Aj -^ — cos T^ + 






£2 



30-2 R3 



'E\4 



"y" xX( 



0. 



4 cv" 



+ "16 -; COS X + 0-' ( -; (<r4 cos 2x + tIs-) + 



R4 



a 



2 



cos 2x + J ^ cos X + o-^ ~4 (-4-8 cos 2x + f^) 



R 



+ o-^ 7i (/b-s cos 3x + 1^8 cos x) 



a 



E« 



+ 0-* ^ (x^k cos 4x + -^ cos 2x + -H'2) + . . . 



-f- A, 



[W 



o-E* 



w 



cos 3x + -: — cos 2x + . . . k 



4 a 



+ As |^cos2x + ...|. 



1 
••J 



Therefore, at the surface of the ring, 



Y 



2iTa^ 



--^+A, + A,(f+»»'^ 



2 



4 



128/ 



)+A.(i:+ 



32 



25o-*' 
512 



+ cos X ' 



A,(i+sUA3(-j+^^yi 



+ ^'^s '^X i 2 + ^a 



16 



5^3 



35cr 



35o-' 



+ cos3xM3 7^-F A^^, 



64+^3(1 + ^ + ^^^2 



1 



4.N 



+ K~\, 



+ cos 4x1 A3 ^ + Agj. . 
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6 S 
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Comparing this with the value of the potential at the surface of the ring, given 
above, we have equations to determine the constants A^, A^, &c. 



These give 






xa..-) 



X + 1 



16 



4 0. 



3 (X + I) -^ 



512 



cr 



4 



9. 



or 



3 X + 5 
64 



cr" 



j±^ — -g- ~|- 



3 (X + I) 
16 



or 



3 



12 X + 19 



512 



" O" 



,4 



^ 



» V e « 



A,( -^ — 



A, 



64 "" 



35 (X + ij) 

1024 



cr 



. (8). 



Thus the potential is found at all internal points as far as terms in cr^\ 
Writing L (log Sc/a) instead of X + 2? as far as terms of the second order 



V-27ra4L + ^(l 



E^^ 



a/ 



-j- cr 



±j 



9. 



1 E 

a- 



R^' 



8aS 



cosx 



-J- n- 



3 



L 



16 '^ 8 



1 I 



>3 



a' 



^3_ 

6 4 



E* 



a 



{. « 



3 



(L 



5\ p3 



16 



f^ 



^ cos 2x 



R4 

re ^ COS 2x 



mill |wfj 



(9). 



§ 6. The value of V is a maximum, when 



and 



X 



2R 4" ^ 



(L — l) a 



4, 



w 



a 



0, 



that is, when R = (r,|^{L-~ l)a + terms in or''\ 
This maximum value 



= 27ra^ ^ 



L + i-^(L-l)^+ j(L-l) 






3 



27ra^ ^ L + -I + "^ (L — 1)^ + , . . 



i^ 



• • * 



I 7. The exhaustion of potential energy 
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1 

2 



V dm 



'a r'iTT 



4. 27t\ 



o-'o 



V (c — R COS x) R dH dx 



= 47r^ct^c 



'C4 







T32 

A — — 4- A 



1>^ 
r 



a XI" . 9cr^ E 



,4 a3 "^ 128 ^6' 



'9_3 ^4 



l) + A3(1^^ + l?^?URc^R 



S2 ^e'^ 



512 a^ 



2 ^3^ 2 



•ft 







lb a" 



-3 



a 



J, A f ?^ — 4- -11- n-3 i 



,4 a-^ 



R^c^R 



27r%% ^ 



i + ^i-M^ + 



a 



8 



128 



A< 



a' 



96 



1024/ J 



27rc 



L + l 



L 



4 



8 






o 
o 



512 



O" 



. (10). 



If we may judge from these few terms this series is very convergent. When 
a- = 1, i.e., in the case of a ring so thick that it touches itself at the origin, we have 
L = log,8 =:^ 2-080. 

The exhaustion of energy 



M^ 



r— .{2*330 - -177 - -003 



2wc 



= 2*150. 



''} 



2irG ' 



The first three figures would seem to be correct. 

[Let the same mass be collected mto rings of different mean radii, and consequently 
different thicknesses ; let the final mean radius of the ring, that is, the mean radius 
when the ring is so thick that it touches itself at its centre, be taken as unity ; let 
the exhaustion of energy in this position be also taken as unity. Then the exhaustion 
of energy for different mean radii of the ring is given by the following Table : — 



Mean radius . . . . . . 

Exhaustion of potential energy 


1-25 

•9488 


1-5 


1-75 


2 


3 


4 


5 


•8874 


•8284 


•7749 


•6144 


•5162 


•3506 












Ji 


ily 22, 1 


892.p 



* This Table was given at the suggestion of one of the Referees, replacing a Table given in the paper 
as read, 

6 B 2 
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§ 8. To find the potential of a distribution of matter of density ^,, cosn^ on the 
surface of an anchor ring, at cdl internal points and at external points near the surface 
of the ring. 

We know that for a cylinder 



and 



Let us assume for a ring 



nYi 



R\ 



u 



2irl3n \a) ^ 



F 



7iV, 







a 



u 



27rA. 



= \^j COS nx 



J 






IIV^ 



\ 



a 



COS nx 



+ 4 IJ ^^^('^ 



1) ;)( + -T- 1 ~~ 1 < ;. ^ ' - COS ny 4" I cos in 



8 \a / \ 2n + 

cr /R\'^ 



- COS nx + I cos (n — 2) X r + • • » 



<7 r/RX''^""^ (J /R\'* 



I"" 



4 

i 



li-o i 



R \ '* "^ -'- 



» • * 



a 



4 \ o^ 



+ T7 Ac 
' 16 ^ 



3 



R\^^-^ 



a 



cos (n —' 2) x+ • • • 



c 



-I- ■— A^ 



'R\^* 



a 



cos nx + . . . ' 



j«aiiii|.-» 



16 



a 



1 



+ 7.7^5^ ( : ) cos {n + 2) X + . . . 



COS (m + 1^) X + 7 ( ^ ) ^'^^ ^^X + . • . r 



ao 



d 



n\n ay* 



+ 






n — l 



"^ 4 ^ 
+ J B^ ^ 

•db 

+ 16^3 



a 
R 

R 



cos(n+ l)x + 

Xu-l 



(T^ I a 

8 \R, 



7^-3 ^2^^-^l 



271-2 



^cos(n — 2) X + fcos ('/^ — 2) x V + • • • 



cos (fi — 1) X + 



n + 1 



COS 



{n+ l)x + 



-y cosnx+...| 
(T f a^ '^^ 



4 \R 



COS (n + 2) X + ' • • 



a 



^^-3 



R^ 



COS (n — 2) X + • • • 



+ rii '^^ u ""^ ^" + 2) X + ■ • 



> • 
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The constants are to be chosen so that 



and 



V,-~.Vo = 



cJV, dY 
dll 



X 



"' + 4:77 fi^i COS n)( = } 



at the surface of the ring. 



Tl 



ins 



(n + 1) + (?i — 1) Ai= — (n — l)Bi 

x\.o — - i. "X" JDn 

{ii + 1) A^ = — {71 — 1) -- (n + 1) Bg 



"> 



> 



and 



3 

2" 



+ A, + A3 = B3 



■^ 



I (^ + 2) + nAi + {n — 2) A3 = ■— (?z — 2) B3 



~-p^ + A^ + A4 =: -;7— 7- + Bi + B,^ 



n — 1 



2« + 1 



2'ri - 1 



r- 



rl 



o. 



) — (n — 2) Bi — 7^B.i. 



(f^ + 2) + (^^ + 2) A3 + nA^^ = — "^^^ — T^( 

A, == I + B3 + Bg 
(n + 2) A, = - I (n - 2) - nB, - {n + 2) B^ 



'5 



These equations give 



^1 — 



xjLo — " 



n 



lb ■""* X 



1 



71 -J- X. 



XXq ~— 



71 



-3 



2 (71 -- 2) 



B, 



T) 

Do — 



T> 



'/'^ — 1 * 

n 
'/I + 1 ' 



^ 



(2-/^ - 3) 



-A.J — 



jAc 



2. 



2^^ + 3 



(^/?. + 1) (7^ + 2) * 



-t>4 —= 



(7^ - 1) (n - 2) * 

2. 



7^ 



2 (7^ + 2) * 



Thus we find that to the second power of a, 



Yi 



27ra/3n 



Ey cos 7^% 

a I n 



+ 






cr 







1 /RV^ + i _^ 
2 (27^ + 3) 



1 _^ /RX'^-^ 

— 1 \<:6 



cos {n ^ !);)( + 

4 



1 



'l^\^* + i 



ji {7h + 1) {yi + 2) \a 



COS (7^ 4- 2) ;)( -f- 



71. 



+ 



2 /R\^^ 

7h — 1 \ a 



1 



n (n H- 1) \ a 
a J \a 



coB{n + l)x 



cos nx 



n 



a 



cos (n -— 2) X 



• (11), 
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and 



V, 







2TTa^, 



n 



ay cos nx 

(7 



>t*<i iy»"w 






"1: 






1 /ftV + i 



COS ('/I + l) X 



1 



a" 



o/i 



2 (2n - 3) 



a\n-z 



n {n — 1) (?^ — 2) \R 



COS (r?. — 2) ;)( + 



3 /tt\^^-2 '^ 



a 



u 



1% \Pv 



7^ + 1 \E 



?i (^^ — 1) \E 
?t + 2 ll 



/a\- 



cos(ti — l)x 






^ cos ?i;)( 



cos {n + 2) x 



I X X Cl' I < 



These aa'ree in gfiving at the surface of the rin|3; 



ft 



ft 



2ira^ 



cos n% ^^ <y \ cos {qi + 1) % cos {n — 1) %] 



)i 






n 



(7" 



MM*«i* 



4^/2- 



^^ + 1 



^i-l 



2% + 



•> 



l(miO^ + 1)0^ + 2) 



COS (^2. + 2) ;)( 



2'??. 



o 



{n — 1) ('^i — - 2) 



cos(7^-2)x[+ &c. (12). 



I have verified the above value of the potential at external points near the ring by 
evaluating the integral The method here given is suggested by Laplace (' Mec, 
Cel./ Book 3, c. 6). It is not satisfactory, as it will not give the value of V further 
than the terms in cr''. The form of the potential at points near the ring changes after 
these terms. Log E. is introduced, and it is found that some of the equations coincide 
so that there are not enough to determine the necessary constants. 

§ 9. [As illustrating this, and furnishing a result which will be used later^ consider a 
distribution of matter of density a^^ cos 2;)( on the surface of the ring. 

By § 22 of my previous paper, it is seen that 



V 







d^ 



27ra^/3c. 



= t ,T, COS 2x + 



cr 



I 



r 



+ ;:t:;^ 



4 l0£ 



4 

Sg 






i ^j COS 3x - t ^T cos X 



"= E 



+ 1 



1 



3 



n 



2 



+ 2(1 



a 

i 



3 



i COS 2x + i 



»' 

3 1>2 



X\ 



4 J>4 



COS 4y }• + &c. 



This agrees with (11a), except for the term 






*?9 



2 



The value of the potential, inside, is consequently given by 



V, 



27ra^^c 



B^ cr f / E'^ E\ E^ 



jLt (T 

4;;jcos2x+|< 



CTu »i i«WW i 



0-3 



32 



1-2- ^ cos 4x + 2 



E* E^ 






3 



a^ 



cos 2x + I 



E 



-?4 



aV '^ ' '-^ ft* 



^jj 



E^ 



w 



8cl 
2 log - V + &c. 
J 
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Adding to this the value given in (9) for the potential inside the ring IX = a, we 
have correct to the first power of ^.2, the potential inside R = a (1 + yS^ cos 2^). 
The terms in /Sg of the exhaustion of potential enei'gy of this ring are given by 



2 



n^a^ 1 1 ^ 

Jo Jo 



27r^a(l+j32COs2x) 

Li ' — 1 ±h 

i cr ' 

a 



9 



8a^ ) ^^^ X 



— J— /T"* 



3 

1.6 



J \^ "4/ 



E^^ 



a-' 



5.„ 
"9 6 



E*" 



ay 



COS 2^ 



(0 •— R COS x) P^ dB> dx 



fzrr ra 
- h 



^-Pfo-ZES 



4:\2a; 



3 



E 

a 









w 






a' 



L] Uo — R cos x) R d^ ^X^ 



all the otber terms vanishing on integration. 
Therefore this part of the exhaustion of energy 



27r%eV cr% 



rl-n 



4L 



D 



.3 



16 



1 Jl. -3. /T 5 \ -5._ 
T" 16 \^-''~""4/ 9 6 



= - 27r^«*c ^3 - (L - 1%) 



July 22, 1893.; 



e « i 



cos^ 2x + -h cos^ X - 3-2 (L + i) I ^X 

» • ♦ • • » • • •• \XO/» 



Section II, 

§ 10. An annular form is possible for gravitating fluid rotating round an axis in 
relative equilibrium. When the cross -section of the annulus is small compared with 
its radius, the cross-section is neai4y circular. 

Let the ring be disturbed so that the cross-section takes the form given by 
the equation 

p = a { 1 + /S^ cos 2;)^ + . . . ^ ^n cos n^ + • • • } • 



We shall prove that the ring is stable for disturbances of this kind, and find the 
periods of the various oscillations. 

It is necessary to find the exhaustion of potential energy. Let this be called U. 
Then 



U 



1 

1 



.: dm 



TTX V« (c — R COS x) ^ ^^ ^X 

JoJo 



where V^ is the potential at an internal point* 
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It is necessary to know U as far as the second order of the small quantities 
^^, &c., ^;,. Suppose Yi is obtained in the form Vq + S'y« cos n^, where Vq, v,, are 
functions of R. Then it is necessary to know Vq and Vj to the second order, but 
Vo . . . Vn . . . only to the first order. 

Now 

= log -^ + I 1 — -- ) + cr ( —^ r •"- ^s ) c<^s X + &c. 



2Tra^ 



a 



+ t^n 



J 



'EV* cos n')(^ a 
a I n 4 



2 



1E« + ^ 



.% a 



» + 1 



Saf 



— — -^ ^■^—- COS in 



i)x 



^■■ShIIi'W 



1 



!>« + ! 



'^?. (??/ + 1) « 



n + 1 



cos (n + 1) X 



^E 



O" It 



E^ 



+ A 4" B ( ~ cos X 4* 7 '^. + &c. 



a 



where A and B are small quantities of the second order in ^^ • • • A^ • • • ? which must 
be found by comparing the value V^ at the surface of the ring with the value of Vq 
there. 

§ 11. We shall now find Vq the potential of the ring at an external points 




Let Q be an external point whose coordinates are r and 6. 
Let P be a point on the axis, C be the centre of gravity of the cross -section. 
PCO = a and let CP = 
The potential at P is 



^jl...-i4l \w/ \i/ 



n- 



\7r 



' { c — B cos %) E clR dy^ 

Jo . \/{^l^ + B^ — SE?"^ cos {% — ol)} 



r2 



9. 



rr 



TT 










+ 72 § ^^^^ (x -^ ^) + ri 7 ^^ [^^^^ ix - ^)] - 



Tf 4 



1 ps 

- — cos y 



cp 



4 



4p 



- cos X cos (x — ^) 



^X- 
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Substituting for cos a^ clr-^^ and for pP, 



a^ \ 



I + pt^n cos 71 X + 



P iP - 1) v^ //3« 



9 



^( Y + A^A^+icosx)S 



and retaining only for the present the terms of the second degree in /Sg . . . ^n 
we find that at P 



V 










l2r, 



Therefore at Q 



Vn = 27ra2' t 







2 



o-A^Am-i) j 



c 



ulcf) 



27ra^cS(AA^+i) 



\/(r^ 4. ^2 __ 2cr sin ^ cos (^) 
dc J \/(^'" + <^^ — 2(^r sin ^ cos ^) ' 



[AS'^^Jpra^ p. 59." 



Expanding these integrals, we find that at a point R, X j^^^^ outside the ring, 



V. 






'^.? 



% ' 



9, 



a A A 



^^+1 



. 8c 
logj7 + 



1 



i; 



'?. 



c 



7 cos X 



2 lo- ^' 



+ o-^AA+iL^cosx + 



^ R 



1 



4 



-J- . . . /. 



i^dding this to the values already obtained for the potential of a ring whose cross- 
section is an exact circle of radius a, and to that for a distribution of surface density 
a 2 A cos nx on such a ring, we find that 



Y 







27ra? 



log " + 

It 



+ 2 A. 



1 8c 



1 



li cos 



X 



*:> 



+ ... 






8 



2I0 



8t; 



^cosx + 



^E 



1 



4 



~P . . . 



\^i 



a Y cos ?i X 1 ^ 
rJ ""J;: *" 4 



R 



-1 



V^Y^+^cos ('71 + l)x 
R/ ^1 



cos (n + 1) % 

a Y*""^ cos (7^ 
R 



n (n 



1)% 

1) J 



+ 



+ 



x(f 



cr A^ A+1 



log '^ + 



T 8'; 
^ R 



- 1 



'B 



2I00' 



9, 



R \ 

, cos x^ 



8c 



-i- ortfiu A^+i 1 1 cos X + 



^R 



4 



4- 
I • • • / • 

/ 



• « • 



. . . (14). 



MDCCOXCni. — A. 



G T 
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§ 12. Now when R=:p = a(l +;SA? ^^^ ^x)? ^^ ^^^^ ^o ^'^ust have the same value. 
This will enable us to find the terms of the second order in V^. 

Remembering that for a solid ring of circular section ^ V and clY/dR are continuous 
at the surface, and dWQ/dW — {(PYi/dW) + ^tt, and that for a distribution of 
surface density a ^n cos 7V)( 



-—- — — r- + inaBf^ COS nv = , 



we see that when R = p = a ( 1 + 2 A« cos nx) 



- ^ ' — — (^3 COS 2x + . . . + A cos nx + • • *f 



2irw 



2 



27ra^ 2 



_ _p^__A, ^ ^^^ eos 2x + . . . + A cos ?^x + • • 



27rtx^ 



z'^- 



8c 



+ ^(^^-cr/3,A.+ijl^log^ + 



p. 1 



+ ^/3;,/3„+i(cosx + 



4 



— A 



B f cos X + 'ij 



2 



2 log ~ - 1 



- (J 



0-cosx 



Since Va — V« = 0, we find 



Therefore 



^^^ 2L + 1 

A4'-Bj=(L— "1)S ^ " -^ cr 2 p« ^)j.i+ 1 



i 



-^ 



4 



B= _ L^o-Si8^ 



> 



4 



« 



>-^ 



V- 



27ra^ 



Xj -p 



O 1 JL 



E3\ 



a- 



- 4" ^ 



«**<*• jJmW iwiw "^ 



7 



2 a 



8# 



cos X + &c. 



+ 2 ^^ 



1 E 



n 



d 



n a 



u 



COS nx + 2 



1 R^+1 



1 E'^-i 



?i 



J« Cv 



11- 



J cos(n-l)x 



+ ;k^?^'"'^''+'^^J} 



+ (L— 1)S " -. — o-SA»At + i 



16 



CJ^ ^ /^i'i 



■r«-iiij-~iin 



J_J ~~- X I j<x <-» / Jlij 



4 



O" 



Si8. 






3 



8 e «8A a • A f « 



(15.) 
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§13. The exhaustion of potential energy is given by 



TJ — • 1- 



Yi dm 



Tra 



s 



f 



L + i 1 



W\ , /L ~ 1 R 
™ + cr cos X ( ~ 



a 



2 a 



8a^ 



^ (c -— R cos x) R d-R (i^ ^^ 



+ ^^ jjf ^^^ ui^^^^^ + i 



1 R^*+i 



1 R^^-i^ 



,^^ a' 



^^+^ ^. -- 1 a^^-i 



cos {n — l)x 



j>«+i 



4" Tra 



2 



(L — i):S— - — — - — crSA.Ai+1 — -St-ct^SA,^ 



16 



+ ^V^ o- ^ ;8, 3 ''■'^ 



RS' 



4 



'f« 



a 



4 a' 



COS X + "7 "i ) r (<^ — R cos x) lEi <^R ^'^ <^^ 



^ 



f27r 




c4(L + |) 



2 8# 



- — cos X ' 



(L + i)^- 



.5 1 



lOa^ 



. , L — 1 p^ 
+ ccr cos X i — 5 



3a 



£1 



d 



X 



r2n 



+ 27r^a% :S ^;e cos ^x S 

JO 



~ cos nv — . 7 ^; COS (n -— 1) y 






crA 



4^2. (^ + 



-r: COS (^ + 1) X f (1 "" ^ ^^^ x) ^X 



+ 27r%% { (L 






Zixj ""p X 



4 



• crS Pa p,i + i > • 



In the first integral, substitute 



ff = a^\l +pt/3, cos «x + — ;r^^^ (%^ + cos x2)QA-n + ■ • • 



2 



On integration this gives 



27rVc ^ L + i + (L - 1) S §-' - -4^ 



Cr S PtiPn + 1 



The second integral may be written in the form 



'2ir 



277%% 1 0^ COS nx S 

? 



//8„ 



cr^ 



« + l 



71 






O-^n-i 



An{n + 1) ' 4;^(7^ — 1)^ 
6 T 2 



cos ^x (1 "" ^ ^^^'^ x) ^X' 
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giving on integration 



211^ a^c < 



SRv, 


n 



(T 2 






> " 



Therefore, acMing the three integrals togethei 



U = 27r%% |L+i + S(L^l+ f ) A/ 



O" 



■2L-M 2» + l 



2n(n + 1). 



AA + i \ (16). 



Let ^Q be the mean radius of the cross-section. 
Then 



ira 







^-7ra^(l+Sy 



\ 



e « 



. . . . (17). 



Let 2iT^aQ^CQ be the volume of the ring. 
Then 



277%o'co = 2irVc (\.+t^ -at AA< + 1 



Substituting, we obtain 



9 



. . (18). 



U = 27r^ao%o ^ 



8c, 






B,: 



2 : 



7^ _ 1 



n 



0"PnHji + l 



(n — 1) (Sn + 1)" 
4z7i (n + 1) 



>» 



M. PoiNCARE gives 



U = 27r\)\ ^ 



So 

a. 



log^" + i 







n 



1 



^ — p^^ 



2 



71 



(TissERAND, ^ Mec. Cei./ vol. 2, p. 166.) 

[This is correct to the first power of or. The term in cr^/3c^ is important, for in 
the equilibrium position of the ring ^^ is of order a^, and therefore this term is of 
the same order as the term in yS^"^. By (10) and (13), the more correct value of U is 



2Tr^aQ\ I L + J; 






9 



8 



512 



cr^-/3.^(L^A) 



8 



A. 



3 



n — 1 



71 



O'PfiHn+i 



(n - 1) (3w + ly 
4» («■ + 1) 



8 * 



(19). 



July 22, 1893.]* 



* i:'his was inserted in consequence of an observation of one of the Referees, wto noticed, what I had 
overlooked, that the less exact value of U failed in § 14 to give the correct equilibrium value of /3j. 
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§ 14. To find the fluted oscillations, it is necessary to determine the kinetic energy 
in the disturbed motion. 

Let # be the velocity potential of this motion. 
Since the bounding surface is given by 

R = a { 1 + 't^/S,^ cos nx) , 
therefore 



c 



+ " c = a(l'jrz, PnCOB nx) + a%pn cos nx — a 2 {npn sni nx) ( p-g -> " + ^ 

at the surface of the ring. 
Now 

9R -I 9y sin v 

-;;- = COS y and t- = • r--^* 

DC ^^ oc it 

Therefore 



9<I) ° ' • I ^ / o I " /D \ ^ / o ' ^ / 1 9€> sin y ' 

^^^^ ^^^^^" ^' ^^ be 



gp =€t — CQosx + t {a^n + a^,,) cos nx — at {n^n sin nx) f ^ ^ — -y^ c \ 



Since 



Therefore 

9# 



a^c f 1 + S -^ ) = const.; 



' + ^ + W. = 0. 

c a ' 



C { COS X + ^ ) — 5 t^n^n + ^ (^A + ^A) COS ^X 



9R \ ^ ' 2c/ 2 



Approximately 



^ f n ' \ / 1 9^ sin y • \ 
a t {n^n Bin nx) [^ ^ - -^ cj 



9# • / . ^ V 



Therefore 



^ z=z ^ ac < 



E . a W 

"~ cos y ~f- — — 



This gives 



9^ • E 



^— = ac sm y. 
dv a ^ 



Substituting in the last term, we see that it vanishes : the second term may also 
be omitted, giving 

9e' "^ "" ^ f cos X + y + t {a^,. + a^n) cos nx 
at the surface. 
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Therefore 



* = - ca ( -- cos X + z i ) + „T S («A. + «A,) ct "^ COS nx- 



a 



4cG ce- 



ll 



a' 



The term in a^^^ may be omitted. 

It is easily seen, by § 4, that a more approximate solution is obtained by assuming 



E 



a W . a W 



^=- acA, -cosx + -4--^ + ^,^cosx 



I V A 



iv 



n 



cc 



n 






» • o « 



(20), 



The constants are easily found to be 



A,=:l 



9 



;« 



a 



„ //3,, (r^ + 2) 



n 4:% (^^ + 1) 



cA.: 



At the surface of the ring, therefore, 



^=z^ac\ cos X ( 1 



— aci cos X ( 1 



0- 



3 



16 / 4 I \ n 



n cr(% + 2) -.^ \/ , or , 



4. 



i)x 



cr^ \ or 

16/ "^4 



+ cfi% 






n 



2^?. {n + 1)/ 



COS 7^x 



ci»XlvJa 



dn 



— c (cos X + 9 ) + ^ ^ A^ COS ^^x* 



2 



The kinetic energy is given by 



2T 



w 






(^7?. 



cZ<l> 



27rac * — (1 — cr COS x) ^X 



J rfE 



27r%^c 



c^ 1 



9 



(T 






crp w p tt 4. X 



n 



» • t Zj i ?. 



To this must be added the kinetic energy of the undisturbed motion, which is 
given by 



MR. F. W. DYSON ON THE POTENTIAL OF AN ANOHOU RING. 



1063 



■27r 



2T = TTf (c - R cos x) 3R dn dx 



Jo ^0 



McVMl+l<^'+fo-'A). . 



e • • « 



(22), 



where ^ is the undisturbed angular velocity of the fluid. 
Therefore 



2T = M UM 1 



^£\ ^a^t ^l-^-fi^ + c^^ (1 + 1 cr-H f cr^A) \ ■ (23). 



15. Also 



U = 



r <Tz: i log T + 3 



27rc 



a 



4s 



&c. -^Vlog 



8 



8c 



a 



5, 
12 



-:S 



^2. 



n 



P?i 



3 



(3n + 1) (^ - 1) 
2?^ (?2. + 1) 



(TfJnPrij^l 



. (24), 



where a and c now denote -the mean radii of the cross-section and of the ring respec- 
tively ; (T = a/c, and. is small ; y is the constant of gravitation. 

Retain only the terms of the highest order ; Lagrange's equations give 



n 2ito ' 2n 



Thus the period of the oscillation of the type ^n cos nx is given approximately by 

A* + ^" — ^ — y/^ii = (25). 



The time of a complete oscillation is a / : — — t~- . and the time a fluted wave of 

^ y (n — 1) f\f 



(n — 1) 7 
this type would take to travel round the ring is 



11 



V 



8 



TT 



(7^ - 1) 7 



[The equation giving the period of the disturbance of type /3^ cos 2^ is 



M 



^a^^-#cVv4 +7^^' 



9, ^ 



2lTC 






.>/. 



A + TUog 



8 



8c 



a 



5 

1 2 



= 0. 



Therefore the value of yS^ in the undisturbed motion is given by 
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^•2 = 1 '^7^ 



-9 / 



2 



7 log ---A- 



log — 



,3 



5 
4 



g^sf^f -A). by(26). 






agreeing with the result given supra^ p, 94,— July 22^ 1893. j"^^" 

An interesting oscillation of the ring is that in which the mean radius increases 
and diminishes^ necessitating a decrease and increase of the cross-section. 

We have 

Mc^<^ = const. I 






V 



2iT dc 



a 







c 



J 



Remembering that a% is constant. 



1 hereiore. 



d ^ a '^ 
dc c 



;r log-"+ t + - -^+ ~^--~ 



c 



a 



1 



rr 



8c 



o ( log "7 4 



■Q 



Mc - Mc./.^ + e,- Jog 



27rc^ 



86' 



6^ 



4 



0. 



Thus the angular velocity in the position of relative equilibrium is given by 



io 7M^ A Sc 



a^ A 86' , 



5 
4 



6 » • B e 



. (26), 



agreeing with the results found, ante, p. 94« 

For the small oscillation, write c = c^ 4" ^^5 '^ = % + V^ ^^^ the above equation. 
Then, 



a^x + 2 aoc^^j =z 0, or 7/ = 



1 ^''■o 



c 







See note, p. 1060. 
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Therefore 



^'^"^ (Co + xf ^ 27r (Co + xf y""^ (a, + y) ^ I - ^■ 



Therefore 



. ^ (Oo + «)8 ^2,r(co + a;)^\ S ^o + 2/ ^ " "' 



or 



or 



^ + 3r J(log ^ - -l) ^ - 2y j'(log ^^ - l) X + I y ^^x = 0, 

,x + y'46og-'^ + i)cc=0, (27), 



giving for the time of a complete oscillation 



27r % 



?/V{r(io«5+i)}- 



The oscillations might be found more approximately, but this hardly seems worth 
while, as the ring will be proved unstable for disturbances of a different kind, 

§ 16. The effect of long headed tvaves. 

As before, let U be the exhaustion of potential energy of the ring in its disturbed 
state. In this case the ring is disturbed so that its central circle remains an exact 
circle of radius c, the cross-section is always a circle, but the radius of this circle 
varies with the azimuth. Let it be given by 

p z= a[l +2 {^n sin TKJ) + /8j.i cos nfj))}. 

Let Yi be the potential inside ; Vq, outside. 
Then 

U = I- f V. dm 



if 

— 2 J 

f2-rr rp r2iT 
Ve (c — R cos x) ^ dB^ dx dcj). 
JoJo 



If Yi be expressed in the form 

% + ^^1 cos X + ^3 cos 2x + . . M 

the only terms we need are % and Vi, 

Also, the only terms of the second order in the small quantities a and ^, which 
need be retained are those independent of ^, as the others vanish on integration. 
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§ 1 7. To determine V^ we must first find Vq. 

Let Tjs\ z\ <^' be the coordinates of any external pointy t*y, z, ^ of any internal point. 
Then 

Xs5 dm dz d^ 



Y.= 







w w 



V^{t7'^ 4- t^^ - 2t7tjj' cos ((/)' -^ (jf)) + (2;' ^ ^)3} 



Let TUT = c 
Then 



V 







Oui 



(c — x) dx dz d(f) 



^{(g - xf + t^'^ - 2 (c "- «^) T^' cos (4>' - ^) + (2' --- ^)2} 



--. \\\e'-''^^^''^'^'-'^''^'''''''^dxdz 



c d(j) 



^[c^ + ot'^ 2cgt' cos (<^' — ^) + /^} 



=f 



^ ~ \* cfc + ^ -'-' 



ffe' 






QjQu CV/w 



cd^ 



^{^'3 4. ^3 _ 2CI^' COS (^' -- (^) + Z'^} 



where the double integral is taken over a circle of radius p. 
Therefore 



Vo = 



r27r r ///2 .7^ \ 



Jo 



'^/''^ + * ^P* ( ^ + dz'^ 



+ xh ^P' (^,^2 + ,^ j + • • • 



c d(f) 



I V'i^"'^ + ^^ --~2cct' COS (<^' - ^) + -'^} 



Now 



>^^ = a^^ ^ 



1 + 19 X (a;^ sin n(f) -^ fin, cos r^ ^) 






- + (a,, a;,+i + ^,, /3;,+i) cos (/) + . . . 



2 



I. 



J 



. . . t?^ d^ 

Substituting this, and writing t^ + j;^ = V^ 



Vo = Tra" I 



2tt 







^ + 8 ^ + 192 ^ 



G d(j) 



^(^'3 + C^ ^ 2ct^^ COS (f - ^) + z'^ 



-f- Tra^ 



27r r 



a' 



a'' 



1 c S (^« sin 7^ (^ + A cos ^^ ^) d(f> 



2 + 2 ^^ + 32 ^ J ^{,^'3 _^ ^3 _ 2ct^^ cos ((;&' --- ^) + z^-'} 



iTT 



a 



+ Tra^ \ t 



4- i8, 



fi T^ h'n 



o 



5<x'^ 



4 



1 4- -i:::- .- V^ 4- "- V* 
^ 4 ^ 64 



crZ0 



^{^'3 + c^ -- 2cct' cos (^' - <^) + ^ ^} 
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f2ir 




a 



2 



a' 



^8 ^192 ^ 



< • • 



cd^ 



v/( 



'2 f <^> 



2cot' cos ^ + z'^) 



•2r r ^^3 



+ Tra^ t (glu sin t^ ^' -|- ^^ cos ^ ^') | ^ 2 + ^ V^' 



c cos w^ c?<^ 



\/'(us'^ f ^3 _ 2<-5iy^ cos ^ + ^'^) 



"^ TTC^ -^ 



«„^ + /8„2 (-2- r . 



3a2 



1 _j_ : z. V^ + . . . 

I 4 



e d^ 



^{m'"- + c^ - 2ct!r'cos ^ + »'^} ' ' ^'^^^^ 



18. These integrals admit of simplification. 



Denoting 



f27r 
n 1 



cos n(j> d(p 



\/{^^ + ^'^ — 2cot' cos ^ + s'^} 



by I 



#1 . 1 c?I . 6?^I 



% 



3 



1 4. ..„-!. HI. I n:: _ j:.^. T ~ a 



dz'^ m''^ 



since I cos n <^ is a solution of Laplace's equation. 
Symmetry shows that 



therefore 



and 



dc^ "^ c dc'^ dz'^ 



n 



3 



.3 



I = 0. 



/CO (X I •-. 

\dc^^ dz'^l 



dl n^ 
do e ' 



d^ # Y 

do ^ dzy ^ 



d /I dl\ ,r> ^^ ^ - ^^ 
^c\c &/ {?3 do 



.3 *■' 



e^ 



Substituting, we obtain 



Vn == ^ira^c 







a 



3 



^ » 8 ^^^ 19 



cdc 






cdc, 



fir 



6?^ 



\/(^^ + t^'^ — 2cot' cos ^ + /2) 



+ 47rac :S (ot^ sin ti^' + A ^^s 7i^') 



1 + 



aV 



a'^n^ 



Q\ 



-r ...„., -r I 4 z2cV cdc 



4c^ * 64c^' 



64 



a. 



cdc, 



3 \3 






COS n^ d(f> 



Ox/(e^ + m'"- - 2cm' cos ^ + z'^) 



-j- 2tra% S 



^n i Mn 



a' 



1 + 1 7 



3 2" 



d 



3 \3 



cdc. 
6 IT 2 



J '0 V'C^' + ^'' " 2ct^' cos (^ +^'3>^ ^^^^' 
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It is important to notice that at the surface of the ring diflerentiation with 
respect to e lowers the order of the terms once in a/c. Therefore the operation 

— ' Y raises the order once in a/e. Provided that n is not greater than ^(cja)^ that 

Lf etc 

is, when the waves are long, the value of Vq is given by § 17 correctly to the 
order {(^jcf* 

V/e shall, however^ simplify the work by rejecting all but the most important 
termSj though it w^ould be quite easy to retain terms of higher orders. 



§ 19. Let the point m^ z\ ^' be near the ring, and with the notation used before 
be the point E.)(. 

The most important term m -—tty 



• "1 OC" 

o^/(w'2 - 2w'c cos f+TTT^) ^^ ^^ K 



fir 




COS n^ d^ 



IS 



where 



o^/(m^^ — 2w'c COS ^ + {?^ + ^^^) 



1 , 16(^ + 1) 2v'2 



-3 being of the form 



"^ cos n^ d(j> 
^(2m'c) ]o\/(q — cos <f>) 



^{2m'e) v^2 



lo 



l + i + ...+ 



1 



2-1 V(2w'c)\~ ' "" ' ■■ ■ ' 2w-l 

(J. J. Thomson, ' Motion of Vortex-rings,' p. 26) 






8c 



2/(«)> 



f(„.,\ — 1 _|_ JL _L _]_ 



jj^ 



Writing ^ for the azimuth, instead of j>\ we have, therefore, that near the ring 
outside 



V rt ss dittOj "K X *~|" ^ 






log 



8g 



8e 



+ 4wa^ % {a,, sin n^ + ^^ cos n^) i log ^ — %f{n) \ . . (30). 



R 



Inside the ring, therefore, 



80 



Yi = 2TTa^ i log - + 2(1 



R3\ 



a/ 



+ 4:7ra^ t {a^ sin n^ + jS« cos nj^) \ log ~~ — 2/(n) 



8c 



4- n 



9 4 ^ 



• » ♦ ♦ • \ /? 



where is a constant of the second order in a„^ ^^i, &c. 
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As in § 11, we find that at the surface of the ring, 

Vq — V^ = 27ra^ S -^^ — ~~^ l^g ~ + 17 ^ (^^^ sin ^(/) + A^ c<^s ^i<jf>)^ 4?! 



2 ^ a 



+ ^ S (a^^ sin n^ + ^^ cos n(j&) [— iira S (a,, sin 7i^ 4" A^ <^<^s 7^(j6)] — C, 
Since Vq and V^ are equal at the surface, 



C = 2iTaH\og^~'~^l]t'"'''^^'' 



Now 



a 



9 



»»»»•• 






( log - - 1 ) ^ 



. (32), 



+ 2 S ( log J — 2/(n) ) (a,, sin n^ + A ^o^ ^^^) 



a 



a 



(c — R cos x) R ^R <^x ^^ 



27r%^c f " j (log ^^ + 1^ I' _ ^^ + 2 ^ (log ^ - 2/ (n)) {a, sin nc^ + A. cos n4>) \ 
+ log--l^— ^- 2 M,^ 



27r^a*c 



log7 + i + (log^'-l)^K + A;) 



a 



a 



8c 



+ 2log^~^ 4/(n))S(a/ + A.') 



r * 



Let a^ be the mean value of a. 
Then 

U = 2iT^a,^c (log ™ + I + 2 S flog ^' 



(X, 







6^. 



2/(«) - i ) (««' + )8/) 



. (33). 







§ 20. When the ring is thin and n is small the change in the radius of the cross - 
section is slow, and an approximation to the disturbed motion is easily found by the 
method of parallel sections. 



rrp^v == const. = C 



2T= irp^cdcfyv^ 



•27r 



h = TTp^ c dcf) cv = 27rc^C, 
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Therefore 

2T =^ ~^~ dS. 

Jo vrp2 

Uq 

^^^ M^ [1 + ^2, ^^a^,^ -f- p^ jjo 

Let A;^ be the compoaent of momentum corresponding to the coordinate a^^. Then 
the whole kinetic may be expressed in the form 

^'' {l + 2 2(a/+ A.')]+-|S/v.A/ ...... (34), 



2Mc 
where the terms in the summation are necessarily positive. Thus 

T - U = i t/^„A/ + 2~ {1 + 2 S («/ + A.')} 

9ivr3 
-t7^^ + i + 2^t^-2/('^)-i](«"' + '^«'n • • (35). 

Hamilton's equations will give 

j^ {h^n) + ^ ^- "- --^7 [L - ^f{n) -i]a,, = . / . . (36), 

The steady motion will be stable or unstable as 

^^ _ ^^L _ 2/(n) - i] IS > or < 0, 

That is, according as 

— [L -— 4/(n) + f ] is > or < 0. 
Now, when n = 1 

When c > S^q^ "^^^^^ ^^ positive : therefoi*e for any ring whose cross-section is smaller 
than this^ beaded waves cause instability. 

§ 21. Next consider a disturbance which leaves the cross-section of the ring by any 
plane through the axis an exact circle of radius a, but the centre of the section i^ 
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displaced to the point whose cylindrical coordinates are c — ^, ^, cf), 

where 

^ =: c t {a^i sin ncj) + fi^ cos ncj)), 
and 

^ = c ]S (y^^ sin ncf) + S^^ cos ?2^), 

i and ^ are taken to be small quantities compared with a. 

Let c— i— X, z-^-t,, (j) be coordinates of any point of the ring, and zs'\ z\ (j> of 
any external point. 

The potential of the ring at ns', z , cjy' is given by 



Vn = 







(c — .T — ^) dx clz d(j) 



J J Jx/{t57^^ -2(c-x- ^)x^i' cos (cj)' - (j>) 4- (e - .^ - |^)^ + {z' - ^ - 0'} 




= \e''(^-^^)'^^'^^''i'-^0^^^^ dx dz 



c d(f) 



^{^^^ 4- c3 -^ 2cx^' cos {^' -</>) + ^'2} 



f ""^-^'(f^/f/^-^C^Wofi jl — 



d d 



+ . . .. ^ <i^ C?^ 



cdcf) 



^{^^3 _^ ^2 _ 2cm' cos (<j!>' - 0) + ^'^} 



in 



e-H'i»)-ii'i»')Tra^\l ^-(—^ 







8 Ufi2 



d 






dz'^ 



+ ... 



c d<^ 



\ - - 



.0, / 70, 



Tra^ 






-p . . . 



•27r r 

1 

L 






,3 



<3 (i(;& 



^/{m'^ + c3 -^ 2ctJ7^ cos (f - ^) + ^'^} 



(37). 



Retaining only those terms of the second order in the small quantities a, ^, y, 8, 
which do not involve (j!)'. 



Vn = 







Tra^ ^ 






TT 



C C^(^ 







^{^/3 + c^ - 2ct^' cos ^ + z^} 



— Tra 



! + -(-+" 



+ . . 



^ (a^^ sin ?2^' + A^ <^os ^^0 
r V / • JL' L 5 ,. .. , c cos 9^^ cZ^ 






r^ 



+ 7ra 



2 



1 4. ^ /i! 4_ '^' 
^ + 8 U.^ + 



^3 



+ 



4 d;«'7Jn^ 



+ ... 

c d(j) 



4 c?c^ 2 rfctZ^ 



J Jo \/{^'^ + ^^ - 2ctiT' cos 4- z'^ 



• • • • • • « • lOO/€ 
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Write 



f ' — 06;^ sill n<p' + A<5 ^^^ ^^^' 
^' = y^^ sin 7i<j^' + S^i cos n<p' 



Then 



Vn = 







Tra^i 



'3 / fZ^ 



v3 






+ ...J |l -^ 



/ d 

dc 






'^ c cos ^ fZ<^ 

J J \/{^'^^ + (^ — 2cTn' cos ^~\-z'^ 



d^ 



^j% 



4- 

I « * ■ 



> < 



•27r 



(1 — COS n(^) d(p 






Let the point tjt', ;a:'5 (jf)' be on the surface of the ring. 

Let 

ot' = c — R' cos "^ and ^' = R' sin ;^' 

:=z C — a COS Xi ■"" ^' =^ ^ ^^1^ Xl + ^'* 

Retaining only the most important terms^ 



V.= 







2170} i I -f f _t^+ . . . 



dc 



dz 



log j^ + &c. 



+ 27ra^ ( f ~ + r -^)] \2f(n) +f{n) ^-^^^^ + . . . 



dc 



dz' 



c 



r He P' P^'^ 

== 27ra^ log + ^- [/(n) - 1 j - ^; 

= 2'7ra'^ ^ log — + ^ [/(^^) ■— 1] (^i^ ^111 ^^<i^' + A^ cos n^') 

L 



^^-^^j. (39). 



22. Inside the ring the potential is V^, where 



8« 



Vi=27ra2|log-+i(l 



— j .f S [/(n) -- 1] (a, sin nc^^ + A, cos 7i(/>') - S ^~^ 



where R^ is the distance from the curve of centres. 
The exhaustion of potential energy 



U =: ^ Vi dm. 



thus 



U 



r r- r 



IT a' 



2ira 



~{c — X -— ^') dx dz dcf)'. 
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or 



8c 



««^ + /3„2 



U = 27rVc log^ + 1 - S ^-Y^ - t [f{n) - I] 



^n "l~ Pu 



2« 



8 



e 



log T + i — S 



a 



n 



+ ^J 



a 



[/(w)--|] (40). 



For 



1 /» /» 

M= \ {c — X -- i') dx dz d^' 

J J J 

§ 23. The exhaustion of potential energy is therefore diminished when the ring 
is displaced so that the central circle does not remain circular. For this kind of 
disturbance therefore, the ring is stable, even when the fluid does not rotate. The 
effect of rotation is to increase this stability. 

We have therefore the following results. 

The annular form of equilibrium of rotating gravitating fluid is stable for disturbances 
symmetrical about the axis, and for disturbances which alter the shape qf the central 
curve, but is unstable for long beaded disturbances. 

This result was, perhaps, to be expected, as by means of beaded waves, the mass 
%vould naturally be broken up into spheroidal masses. 



Sectioh III. 

I 24. The methods given in my paper, ante, may be used to find the potential of 
any ring whose cross-section does not deviate far from a circle. They will not, 
however, apply to a ring whose cross-section is very elliptic, any more than the 
potential of an elliptic cylinder can be obtained as an approximation from one 
whose section is circular. In this section, the potential of a ring of elliptic cross- 
section is obtained by taking the known result for an elliptic cylinder as a first 
approximation. The value of the potential obtained applies only to points not far 
from the surface of the ring. The potential at internal points may be derived from 
this, while the potential at other points may be found easily by other methods. 

Consider a ring, whose cross-section is elliptic, the major axis of the ellipse being 
perpendicular to the axis of the ring. 

Let the figure represent a section through the axis of the ring. 



o 
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Let OC = c : CA = a : CB = 5. 

Let X and z be the coordinates of any point in this section of the ring referred to 
CA and CB as axes. 

The potential of the ring at any external point w\ z\ is 



{g — x) clx dz d<f) 



V^{(c — x)^ + m^^ — 2m^ (c — x) cos^ + ('^' — zf} * 



a 6 « « 



(41). 



/. 1* 



p — xidjdc) — z (d/cW) Jn^ Jfy 



27r 



C ^^(56 



. \/W^ 4. c^ — 2ctiT^ COS ^ + Z^) 



ft Q 



(42). 



Writing D for rf/^^c, and D^ for (^/(ia;'^ and taking the double integral over the area 
of the eUipse, we obtain for the potential at an external point. 



y 







ittcib J -I + 



1.1 ^^^P'^ + ^^D'^ 



2.4 



Pi L i r 

I » # • 



2! 



rw 






2. 4. 6 



{c^^W + 6'^D'2)3 



4^ 



cd(j> 



o\/{m^^ + c^ — 2cm^ cos ^ + z''^) 



9 s a « e s 



o * 



(48). 



25. When the cross-section is circular, the formula may be simplified. Callini 



Therefore 



'IT 



d^ 



\/W^ H- c^ — 2cw^ cos ^ + ^') 



- I 






0. 






2 



cR 
do 



dl 

do 



dl 
do 



f?c« + d.^ ■' ' ''-^ 



/^'^ 






dc \dc^ dz'^ 



d (d? d' 
dc Xdc^ dz'^ . 



d l\ dV 



dc \ G dc 



17T\ 
L'jJL \ 

c dc 



tv I X /-f-\c) I T^/0 ^^-*- j-4 Cv / X t6X 

-(L> + D — " 



dc \ G 

d fl d Y T 
ac \G dc 



dc 



G clc \ G dc 



So that when the cross-section is circular, we arrive at the formula given in 
my former paper, p. 59. 



V 



cc 



^ (1 d\^ 







M J it.i__ 

TTC 1 8c dc 192 \ G dc. 



'ff 



cdj) 



\/{^'^ + c2 -~ 2cw' cos ^ + z'^) 



(44). 
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§ 26. Let the external point at which the potential is required be near the ring; 
let its coordinates referred to CA and OB be E cos x ^^d R sin x- 
The integral 

cd<f> 






v^(cj'^ + e^ — 2cx^^eoB^ -t- \e'^) 



may be expanded in the form 



T 8c 
l^gR+ 2 



1 / 2 lop' 

_ Rcos% ( ^E 

c "^ \ 16 



3 Sloe 






5 1^„ _ _ 4 



cos 2y / — 



+ &c. (45). 



Now 



2 I 2.4 2 t 



+ &<^^ ^ log ^^ 



= |- log 8(3 



1.1 1. g^ 1.1.3 f^ 
2.4 2 ^3 2.4.6 ^^4 



&C. 



1 1^^-R __L 1-1 ^^"- ^^COS^% 
— I log R + 27i -- -^ 



Let 



E^ 



E^^>^ 



2.4. 



1.1.3 (^^^- '^^)^ COS 4% 



6 



E^ 



+ &c. • . (46). 



x/(a' -- W) 



^ = yy 



the second series is the real part of 



1 1 I 1.1.3 1 



2 ■'•^6 y ^^ ^ 2 ^og y i- 2.4 2^y3 • 2.4.6 4 d. n^ • • ' 



Calling this series S, 



do 
dy 



X • X • o 



J JL I 1 ♦ i [ 1 . 1 « o [ 

1 2 7, ~r 2.4 „,8 ~r 2.4.(3 „,5 T~ • 



y 



y 



r 



= 's/'f — 1 



y- 



Therefore 



S 



= ?^^ -_! _ 1 log (v/ + v^2/^ - 1) 



y 



-r + const. 

Li 



Now^ when t/ is very large 



S = - I log ^/a^ - 6^ - 1 log y. 



Therefore 



2 



t 



\—\ log 2y — ^ + const. = — -1- log sjd;^ — ^^ — 4 log 2/- 



6x2 
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Therefore 



Put 



Ihen 



Const. = i + i log 2 — -I log \/ 

(P = a^ — 6'^, 
3/ = cosh tv = cosh (t^ + iv). 



a 



2 



6^ 



^ cosh w (sinh t(? — cosh to) , , . , • - i \ i i 
S = ^ ^ ^ — I log (cosh to + smh to) f f 






cl 

ilog 2 



I log o 



2 



Taking the real part of this, we find for the first term of the potential 



i% 



16c 



% 



- — ^e~^'^cos 2v 



a' 



Ug' 



• • 



, . . . . (46a). 



Calling the operator 



4 + Iri ^51±_^ + &c., /(D, D'). 



Since 



Therefore 



/ (D, D') m = vf{V), D> + D ^ ^ ti + D' v^ ?* + &c. 
/(D,D')(log|-l)^^ 



^/(D.D')(log|-l 

^ /I Ecosy\ 3/ /-, 8c ' 

4- &c, 



It is easily shown that 



a/ 



8D 



- (log ^ - 1 ) = -^ (e-3« cos U - 3e-« cos v) + 



K 



12rf 



8c 



• • 



• (47). 



Retaining only the terms of the highest order 



/(D.D-jJIlogl-l^""'*: 



E 



2c 



d cosh w cos V 

_____ 



I log— r — r — -J- — 1 e""'^'' cos 2t; 



c? 2 



4 



Ci^ 



3 



+ -TT-i fe"^^^' COS 3'y — Ze""" cos t?} 



d 

c 1 



A 16c 1 

log~j-"-^"-l 



ct 



2 



^V 



cosh t^ — x\- cosh u e ^'* ^ ^^.^'"'j ^^s v 



Sd^' 



1 






Yg^cosh ue"^^'' 



+ 2-J^e-^«)cos3^| . . . . 



(4fa). 
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Let 



, 16c 

log ~~r — t^ = K, 
^ a 



Then the potential of an elliptic ring at outside points not far from the ring is 



2tra6 ^ K — ie'^^''^ cos 2t^ + 



d 



K-1 , , , 

-~—T — cosh It — t ^^^"^h ue"^^'^ 



^ cosh^ 1% e""^' 



^cos V 



+ { — I cosh tie''^'' + i\ cosh^ % e""^'^} cos Zv 



• • • 



. . (48). 



At the surface of the ring u = Uq and K = Kg = log (ISc/d) — Uq, and 



= 27ra6 i Kn — 






2 



1^-3% cos 2^; + - 



'Ko - 1 1 + 2^-2% 



8 / 



) cosh 



Uq cos V 



2 — e~^'h 



e~^''« cosh fin cos Sv 







• • > • 



• • » I tC*/ f » 



The complexity of the expressions renders it useless to find the potential any 
further, in the general case : but for a very flat ring, ie., where h is negligible 
compared with a, the expressions take much simpler forms. 



27. For a very flat ring 



r 



V=4.ra6{i+M^ + -H: 



1.1.3 Ct^^ 



ATM 



6 



41 



f I • • • 



i 



log 



8e 



8c ^R Rcos;?^ 



log^ + 



E 



G 



mmXmm 

I • • » 



y (50) 



/ (D) log 1^' = i (log -^-uj- ie-2« cos 2y - ^ , 



/' (D) log ^ = :^ (e-^'' cos Sv — 3e-" cos ?;) + ^ , 



R 12 



i/" (D) log 



8c '■"■ 
R" 



Co f 16^ 

f 6 ( ^^g """" "~ ^^ "~ 4 ^'*^'' cos 4tV 



Therefore^ 
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y 



K 



4:TT(lb 



O 4 



le ^^^cos 2v 






. /K — 1 , n ^ \ ^ cosli 1// cos V 

+ ( " — :: ±e'"^" COS "iv 



2 



4 



2c 



+ 



TT (6""^^^ COS Zv — 3e~'' cos v) + -~ 

12 ^ oi^ 



1 et cosli 'Z(- cos 7/ 



2c 2c^^ 



a 



3 



32c2 

\ 



(K — ^e""^^^cos ^v) 

5 cosh %^ cos^ "D — si nil %' sin^ ^ 



+ ^( I" — i^""''^cos 2^ 






a-^ 



32c2 



(11 cosh.^ ih cos^ 1? -™ 5 sinli^ u siii^ 'y) 



a 



+ -^ (e""^^^ cos 3t; — Ze"^^ cos 'i?) 



10 cosli %h cos V llti^ 



12c2 



16 



4- 



cv 



10 



■ 16c^ 



(K — |e-^^^^ cos 4^) xl 



128c^^ 



Therefore 



V/27ra& = K — J e"'^'' cos 2^?; 



+ - -( cos V 

c 



"K 



cosh 11 



+ 



a^ 






4 cosli 2u + 7 






■3?i 



-.- ^ 



«^ 



ct^ r 

+ ~i cos 2^^ ^ K 



64 
3 cosh 2%b + 2 



3_ ^2«^ 
16 ^ 



3 89 



3e^ •— 6-^^ 



48 



-e""^^^'cos 37; 



3 



256 32^ 256^ 



'hi 



a 



3 



+ -7 COS 4'?; ^ 



32 



+ o ^ '' + 3 ¥ + 



10 7 ^~S/^ 



192 



e 



_„3._ 
2 56 



„i_ /J — 3?# 



96 



re 



9 6" ^ 



4?# 



+ 9-6-e-*'j 



O : iB B e 9 <a 



, (51), 



At the surface of the ring 



and 



= 27ra6 ^ K 1 4* e i 



a^ 



= l0| 



16c 



a 



a' 
& 



fit ":j + cos V 



^K 



7 
8 



C 



+ COS 2t; 



2 + 



'5K 
32 



_L Q 71 
I 19 2 



a^ 







a 



- 24. •'^^ 3" 



25 
7 68 



a^ 



r— COS iV 



C^ 



» s 



(52), 



§ 28. Let us take Saturn to be a sphere of radius r and of density p. Assume 
that the ring is fluid rotating with angular velocity m, of density or ; let its section 
be supposed elliptic (semi-axes a and 6), h being much smaller than a : and let its 
mean radius be a. 
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It is necessary that 



27Tijah j K + • 






afK 



c 



I ) COS t; -f- 



2 i- 12 ^ 1 



2 7 1 
9 2 



r3 



COS 4i; 



cos o'y — /g 8 



24c 



.2 



a' 



(? 



COS 2^^ 



+ %7i:pT^\- + 



1 . a cos V . a? cos^ v 



+ 



j • • • 






3 



•^ /^/^0'<^ /}1 ', 



2ac cos V + ^ cos^ v] 



• •••■•«« •* 



(53) 



should be constant at the surface of the ring. 
Therefore 



and 



Thus 



and also 



iTcr 



a% 4K — 7 , . ar 



4 



,2 



acw 



3 







27r(rab 



co^ 



TT 






'^ 



2 



192 



cM ' ^ ^ c^^ 



f 



9 



4K 



4 



1 ^ ^^^ 
a c 



T " or + I ^3 /) 



.3 



4 1 



80K + 271 a^ 

• " ■■'■ ■ " ■■'■ ■ ' " ■■■- " ■ .. ■ I ■ -■ 4 r- "" 

96 c' 



O' — 



I ,3 P 



■^ 



>• . . , (54). 







As a rough approximation to Saturn's rings, take 



and 



and also 



therefore 



- — 1 and " = \, Then K = log^ 64 =:= 4*] 5 

G G 



TT 






>- 



• •«««•«« 



2-44: -a- — l 
a 



SP 



_J 



pjcr =:: 4*58 hja. 



(55), 



For a ring, about the thickness of Saturn's, we shall have roughly p/cr :=: y^ o ; ^^ 
the ring would need to be 100 times as dense as the planet, if it were a continuous 
fluid mass. 



1080 



MB. f . W. jytBOE OB THE POTENTIAL OF AH ANOHOE BING. 



Section IT, 

§ 29. The motion of two or more vortex rings on the same axis is most easily dis- 
cussed by means of the stream-line function. The determination of this function is 
easily reduced to the determination of the potential of a distribution of gravitating 
matter^ so that the preceding methods apply to this problem. 



The Steady Motion of a Vortex ring of Finite Cross-section. 

As before, let the figure represent a section through the axis of the ring. 
Let O be the centre of the ring, Oz the axis^ C the centre of gravity of the cross- 
section. 



o 




Let 00 = : the cross-section is nearly circular ; let its equation be 

R = a (1 + /?! cos X + A ^^^ % + &c.) » . . . . (56)j 

where ^^^ fi^, &o,, are small quantities. 

Since is the centre of gravity of the cross-section 



Rcos;^E(iR(i;)( 



0< 



Therefore 



or 



(1+^1 cos X + A ^^s 2x + . . ^f cos xdx=0, 

^ 



^1 + A A + iSg ./Sg + ^3 ^4 + . . . = . 



< ' • • 



Now it will be shown that 

^3 is of the second order in a/c 
^3 of the thirdj &c. 



(57). 



MR. F. W. BYSOX ON THE POTENTIAL OF AN ANCHOR RING. 1081 

Thus fii will be of the fifth order. 

Therefore, correctly to the fourth order, the equation of the cross-section is 

E = a {1 + )83 cos 2x + ySs cos 3x + yS^ cos 4x} .... (58). 

§ 30, Let 0) be the molecular rotatiou, and ^F the stream-line function. 
Then 

#^ #^ ___ 1 dW 

cM dm^ m dm """" 

outside the ring, and 

#^ , #^ 1 d?^ , 

+ TT -— + 2wa) = 

d%'' dm^ m dm 

inside the ring, while W and d'^/dn are continuous at the surface. 
Let the vorticity be constant throughout the ring. 
Then 0} = (M/2) nr, where M is a constant. 
Write ^ = x^j and the above equations become 

dz^ dm^ m dm m^ 

and '^ 

^.2 + Zl + Z T" — Zi + ^Vit7 = 



Therefore x cos ^ is the potential of matter of density (MCTCos^)/47r occupying 
the same space as the ring. 

Therefore^ at any external point, m\ z\ ^\ 



1 1 ^*-L I f 

X cos (p = — cos (b 

4:7r 

Therefore 



m^ COS {^) (f tiy & d^ 



\/{m^^ — 2tii5'ti3'' cos ({> + m^ + {z^ — zY} 



\ir = — ^' i{ r ^^ cos <^ ^tg rfe d:<^ 

47r J J J v^it^'^ - 2mm' COS (^ + t^^ + (^^ - zf} ' ^ ' ' \^^): 



the integration extending all over the ring. 

(The value of ^ at an internal point may be found as the solution of 

d^^ , #^ 1 dW ^ ^^ ^ 

dz^ dm^ m dm ' 

which gives values continuous at the surface). 
Let t«r = c — X, 
Then 

MDGCCXCIII. — A. 6 Y 
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^ = 



M 

477 

M 

4:17 



m 



(g — xy cos (j> dw dz d^ 



\/{m'^ — 2m' (c -- x) cos <^ -f (c — o?)^ + (z^ — ^)^} 



Tsr 



^ - r<? (d/dc) - s (c^/tfe') ^^v, yJ^, I 



r27r 



C^ COS (f> d(j> 



Jo V {^'' - 2ctiy' COS ^ + C^ + ^'^} 



c « a 



(60), 



where the double integral is to be taken all over the area of the cross-seotion. 
= a (1 + /33 cos 2x 4" 1^3 cos 3x + jS^ cos 4x)» 



§31. While finding this double integral we may treat d/dc and djdz' as constants. 

JL 14. L 



tX^ JLJL V^ X Jt 



— =z= V cos a '— = V sni a. 
dc dz 






The double iotePTal 



p—V (iKCOSa + ssino.) J^^, ^^ 



taken over the area of 



E = a {1 + ^2 cos 2x + ^83 cos 3x + ^84 cos 4^) 

may be conveniently calculated in three parts. 

(1) Over the circle of radius a; 

(2) Eound the circumference of this circle to obtain the first powers of ^^, ^3, ^^ ; 

(3) To find separately the coeflBcient of ^^. 



Part (1) 



>,— V(^-''COSa+SSina) ^q, ^^ 



where 



x^ -\' z^ < a' 



s a s . • > 



. e e « V^/J 



= a 



3 



e-^^dm, 



where 



f^ + r < 1. 



= 7r(X^ 



Tra'' I e ^^ >/l — C'^c^C 



.TT 



4 a' 



3 







Tra^ i 1 + -3^ + 



2^42.3 ^ 



I 



J « 



• • a ( Uiy^< 
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Part (2) 



f27r 




^-avcoB(x-a) ^^^ pQg 2x + ySg COS 3x + Ai cos 4x) dx 



f2TT 
{jScy^ COS 2a cos 2i// + ^^ cos 3a cos Sxjj + ^4, cos 4a cos 4i/;} e""''^^ '"'' ^ c?i/; 




ira 



^2 /A' 
4 Uc^ 



4Ci2 






^ 12 ^ 384 ^ ' • • 



,^0 f d^ ^ d d^\ i\ . a^V^' 



- 



12 \da^ dc dz'y 



1 + 



16 



+ TTa' -^ ^ '^' 



^ d^ d^ , # 
— 6 -rirr-T;; + 



192 \do* dc^ dz"^ ' dz'^. 



*•••••«£»»»$ 



. (63). 



Part (3) is easily found to be 



^«'t-' + A ^a'/8/ 



c& Id^ 
4!lcfe' 



&3 ffe'3 "*" 'Ik'^ 



(64). 



At any external point the stream-function is, therefore, the effect of the operation 



,a.u+^+s;+ 



iV74 



c&SJ'' 



23.2 • 23.43.3 



) I • • • 



+ Tra*^^ •" ^" 



d 



% "! 



4 d(? dz 



■^ 12 "^ 384 "^ • • • 



Tra- 



/Ss/^^ 



(? f?3 



12 \d<? dc dz'^' 



^ + if + • • • 



+ .«e/A + W\/^^' 



^ d^ d^ , 
6 — --/, + 



d*"- 






on 



16 14/ (^(^c* '^ dics ;f«'3 "T" (^^'ty 



c^ COS d<f) 
v/(w'^ - 2dt'ccos <f> + c^ + »'2) 



»•»«•» 



f27r 
-> 



(65) 



32. Now at the surface of the ring 



f 



27r 



r COS (56 d^ 



,3 



// 72 o / , , T~, — 7^ IS ^f the order ~ ? 
vi-^^ — 2w'c cos + c3 + z'^) a 



a 



n 



dn r27r 



G^ COS (p d(f) 



dc^ JoV(^'^ - 2w'c COS ^ -I- ^3 + ;^'3) 



is of the order a^^ 



e'^ 









c3 COS d(f) 



\dc^ dz'^J J y/(x^'^ - 2cy'c COS ^ + c3 + 2''^) 

6 Y 2 
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will be shown to be of the order 



a 



^n. 



■,% 



c" I a\'^^' 



ac^^^^ c 



- — ^.e., - I - » - 



We have assumed fi^ to be of the second order, ^3 of the third, &c. Therefore, in 



a 



4 



the above formula, all terms as far as ( - ] have been retained. 



33. Let 



Then 



Let 



Then 



Or, 



I 



ir 



c COS ^ d(j> 



a/Cw'-^ — 2ot'c cos ^ + c^ + ^'2^ 



(PI , (PI Idl 

cW'^ dc^ c do 



U = I . c. 



dc^ ^ dz'y "" ^ \cM + c dc "^ dz'y 



V^U == 3 f . 

dc 



do 



dG\c dc) 



v^u = 3 . 1 1 v^ f- f 

do \c dc 



0.1 



^ jl V^ 



dc 



c 



dc c dc\ G dc 



> 9 



Hence 



^ '^ dc\c dc 



V'«U = 3.l(-l)...{-2«+5)|(i|y"l . . . (65A). 



§ 34. Therefore at a point tjy', z\ ^\ the stream-function is given by 
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^ 



Ma^c 
~~2 






a^ 



1 rZ\3 






4 Vic^ 



dz'y r ^ 4 c c?c ^ 



3072 \c c?c, 
128 I c del 



+ 



a' 



81920 



'Id}* 
c dc 



-^ u 






Ma2 



24 Uc'' 
i 



— 3 



^ dJ^ 



2 4!l8 "^ 16 






C I I + 



3an cH' 
16 G dc) 



(?C3 ^j'3 + (^^'4 






• • 



(66). 



dFi 1 (fl d?l 
Using the fact that — «---— 4. -—== o, and neglecting terms of order higher 

CvG C (XC Qj/i 



1 



than I ~ ) since [- -r] I is of order -^ at the surface of the ring, we find that 



\^/ 



G dc. 



wc 



2^ 



M^^cijj-' 






O^ /I ^ 



\2 



W" 



1 d \3 



|m « 



W 



8 



1 ^^ 



8 c c^c ' 64 \c &/ 8072 \c dc) ' 81920 \(? rfc 



+ ^ 



% 



a^(? 



4 c dc'^ 16 U W "^ 8 U W "^256 



1 A* 
G dc. 



1 



A 



8 \c dc) '^ 6 Vc c^c/ "*" 32 I'c d;c, 



I 






24"^ 



» « • • 



< 9 t « 



. (67). 



Therefore 



where 



an 



d 



Ma% /f T , 1 cH , , ,/l d^^ . 



c & 



c dc. 



a 







a^ = 



^"^ 2 






3(7 

.3 



K7 



+ T^^ 



fflo 



ttg.- 



^4. 



-^ + A(i+^ 



5o- 



A 8 



(7*^ 



(7 



3.210 



+ A3 



6 



O" 



5.21* 



+ ^3; 



Q.^ 



256 



A^2 + ^^ + 



24 






cr = - 



• » e 



' (68), 



(69), 



35. Let the point tsr', z\ (f)' be on the surface of the ring, so that 



OT = c 



R cos x> 



z =: R sin X. 
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Writing I for log (8c/R) — 2, and s for R/c, we have 
J = Z + ^-- s cos X + -nr- + "i"^ cos 2x ) s' 



16 









'SSI + 1 



16 
Ul - 23 



64 °^^ ^ "^ 192 

'540Z + 27 . 240Z - 23 



cos 3x s' 



2048 






105? - 176 



768 



cos 2x H ^^ — cos 4x j s* + 



• • • 



We obtaiiij by differentiation^ 



(Suprd, p. 53). 



1 dl 

c dc 



= - aI cos X - 



'21 + 1 cos 2x 



'201 + 5 



C'S 



4 



4 



32 cos X - A- cos 3x ) s^ 



r (^0)- 



/•: 



36Z + 3 , 24Z + 3 



128 



-\ ^j— cos 2x - tI 8 cos 4x j s^ + . • ■ ^ 



1 dV 



J 



G del ^ c%^ 



. , COS Y , cos 3y\ 
cos2x+ -Y^+-^4-^ s^- 



-^|^+ Acos4x)s^+... 






^ 



Multiplying by ot' or o ( 1 — s cos x) 



w 



, I -^1 . /2/ + 5 



"^ 






a I liiiT 






^3? + 5 
64 



16 



16 



cos 2x ) s 



3 



cosx 



3^-1 



192 



cos 3x ) 8' 



+ "-7;^^^ cos 2x '— --^^f^^f cos 4x ) «*+ . . 



2048 



768 



3072 



1 di 



TJS 



c dc c 






ch 



, /2/ + 3 , cos 2;)^^ 

cos X + ( — — "-- + ■ — T — i s 



+ {-iT—cosx + ¥2 cosSx)s^ 



+ 



32 
4Z + 7 . 4^ + 1 



128 



-h 



64 



e dc) c 



C%2 



/cosv , cos3v 

cos 2x — ( —7^ + — r--^ ) ^^ 



4 



~fc 



'121 + 9 
32 



+ 1 cos 2x + T2 cos 4xj s^ . . I 



1 d\^ -^ m' 
c dc) c 

1 jf Y T ^ 



— — {2 cos 3x + (cos 2x — | cos 4x) ^ + . . •} 



c^s^ 



+ ^ (6 COS 4x + ...}. 



cos 2x + T 2 8 cos 4x ) s^ + . • • 



• (71) 



J 
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At the surface of the ring 



R = a (1 + ^3 cos 2x + &c.). 



8e 



Substituting for 5, cr (1 + fi^ oos 2^ + • • •) and writing log 2 -= X, 



m 



J-= x + 



2\ + 5 
16 



i 4' HiwiliMi 



12X + 11 
2048 



O" 



2X- - 1 



^/ 



32 -^^^+4 



+ cr cos ;)( ( — 



X + 1 . 3X + 5 






64 



cr' 



4 



/J^ 



+ cos 2x 



+ cos 3x 



+ cos ix \ ""■ 



^+i%±i,._^, 



16 
3\ 



768 



\ A- 4- 2 



192 

15X- 8 

13072"^ 



cr' 



-P3- 4 j 



cr 



Pi- g ^Pi - 



1 „. . /3/ 



"^ 



32 ^'^^ + 4 



+ • 



1 C?J Gl' 

G dc G 



c^cr 



2X+ 3 



4\ -f 7 



cr — 



4 128 

V . 4X + 1 



cr^ + COS X ( — 1 + 



4\+ 1 

32 



a 



3' 



+ i^: 



2 



+ ^°«2x J + -^^cr 



3-icr^, + 1^3 



32 



1 dY m' 
c del c 



+ cos 3x ( 5o + i A ) + cos 4x 
1 



cr 



128 "*" 2 



c%3 



12\ + 9 2 

32 "■ ~^3 4 



-A 



cos X + cos 2x ( 1 



(T 

4 



3^ 



J cos 3x — cos 4x ( ^5 + A 






1 



cV 



< 



— cr cos 2x — 2 cos 8x — 2 ^ cos 4x 



y (^2). 



" T J ~~ = T~4 6 COS 4x 



§ 36. Now, in the steady motion, if V be the velocity of the ring, 



'vjr _ 1 Vot^ = constant at the surface of the ring . . 



Therefore 



^ — 1 V ( c^ -— 2cR cos X + 



J -h J cos 2x 



is constant when 



R =r a (1 + jSg cos 2x + . . .)• 



. (73). 



Therefore 
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,9. r 



9 
O"'^ 



ijr U -{- ~ -\- - jB^ -]- cosx(- 2o- - cr^a) + cos 2x( ^ + o-'A — 






^ 



o-E 



.A 



— or^3 COS OX + COS 4x ( — cr^3 + or^ n^ 

is constant. 

Equating the coefficients of cosx, cos2x, cos Sx, cos4x to zero. 



• • • 



a^cr 



X + 1 . 3X + 5 



,_[, 



X 



a, 







% 



a 







64 



g-<!' —« J ^^ I -^ (^^ I -^ J ^ 



4X + 1 o . ^ 



OZj 



cr 






Xtr- 






12X + V , „ X 



768 



a-* — ySg — 7 o-/3g + 



4 "^'"^ 



+ «i ( I + 



O" 4:X **f" 1 



64 



cr'-f ^3 + JA +%(-'- 



2 



O-gOr 






0"'' 



Ma"- \ 2 



+ <r^,Q,-~o-A3 =0 



dX 1 



\ 



cr^ 



P3- " 



cr 



V 



4: / \ oZ /i J 



"U-2«3 + M^„'^/3, = 



15X- 8 
3072 



O" 



^^4 — 7 0-/S3 



A. 

4 

128 ~'~ 2 



2X — ' 1 



i-AS 



Q 



+ ^^1 ( 7^ + if ) + % 



cr- 



09 



-A 



0- V 



O" 



3H2 







4 



^ 



(74). 



(75), 



Now, CO = 1^ Mot ; therefore, if m be the strength of the vortex, 



m 



r r r r 

= ft) rio- = I M (c — R cos x) R dB, dx 



A M Tra'-^c 1 + -7 



^/' 



3 » e a 



. . (76). 



Substituting then for Ma^, and solving the above equations : 



V = 






m J 4X + 7 
12X + 7 o , 



12X4- 9 3] 



««. 



00 

o2 



64 

72X + 77 

3 . 21^ ~ 



O" 



cr 



168X+ 63 
1024 



^^ 



cr 



3 



A = 



84X^ + lllX + 41 
512 



^. 



^j 



• • • « « 



(77). 
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These equations give the velocity of the ring in steady motion, and the form of its 
cross-section. The cross-section is slightly elongated in the direction of the motion 
of the ring. The quantities ^3 and /S^ are very small ; for example, when or = '3, 
the case of a very thick ring, 



m 



V = 2-96 X — - , ^3 = - -063, ^3 = - '006, ^^ = *005. 



27rc 



§37. Fluted oscillations of a Circidar Yortex-Ring. 

Let the cross-section of the ring when disturbed be given by 

E = a { 1 + S (otu sin n^ + fin cos nx)] (78) 

At an externa] pointy not far from the ring, the stream-line function is given by 



\jf --. 



WIG 
W 



hi 



8 







E 



2 — 



log -y -- 1 



Ecos;)^ 3a'^ COS ;^ 



+ 'f ^ i ^""^ '^'^ ^^ + ^^' ''^^ ^^^ 



• t 



» • • • » \ t %J f i 



Let the central circle of the ring have moved a distance z^ from the plane of x, y. 
Then 



-5 , aE • , aE • 

^ + a^ '«+&"' 



Now 



• • « • • 

= a + ;S [(aa„ + <^'''») sin ^x + ('^A' "J" "^^AO cos n^ 
4-a2n(a,,cosnx — A<sinrix)(x + g~2o + -g^c) • • (80). 



aE 

a-; = cos X, 



a 



X 



a 



c 



sm ')(^ 



a 



nd 



Therefore 



aE 



= — sm X'. 



R:= 



1 r/^ 



t«T 



Efilp^ ' 



3% 



X 



R =:r 



'in 



< 



los 



8c 



TT (C — E COS ^ . 



^E 



1 



cos % 



E ' 



1 6?^ 



tJT E(iE * 



2 






^ 



-v* 






m 



MDCCCXCIII. — A. 



TT (c — E cos %) R "* E 

6 z 



1 CC"' 

S :^ (^;^ cos n^ '— /8« sin w^) • 



» 9 



(81), 
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and 



'??Z' 



1 



X = 



TT (C — E COS %) li^ 



« < 



(^82). 



Writing R = a, and neglecting a in comparison with c 



m 
27re 



log ^7 — 1^ sin X — . ^0 siii X + ^ ^^^ X "+* "~~ ^ (^'^ ^^^ ^^X "~ A^ ^^^^ ^'x) 

= a + a 2 (a,, sin ^x + A« ^^^ ^^x) + "^ S n {a,, cos ^x — A? sii^ ^^x) • (^^)' 



This equation gives 



a = O5 c = 



z^ or V 



I I no* — ■ "»»™' ~ 



06 



v^ 



"^ 



7^^ 



TT^'^ 



m 



[n — i ) /3;^ :=:= 



Therefore 



oc 



n 



TT'^a 



y , 



A^ + — -. (^^ --^ 1) ^n — 



_y 



+ V4 (^^ — 1)- Ot;, =: . 



• « ? 



» » » I 04t l« 



. (85). 



Therefore the time of an oscillation of the type 

a^^ sin nj( + ^.}t cos r^x 



iS 



9, 



rrr' 



27rhc- 



m , ^. m ('H' •-" 1) 
— ^ (91 — 1) 



The steady motion and small fluted oscillations of a single vortex ring have been 
worked out by Mr. Hicks by means of toroidal functions. Only the simplest case^ 
that of a vortex ring in a fluid of equal density^ with no added circulations, is 
considered in this paper ; the same methods might be applied to other cases. The 
steady motion given above agrees with Mr. Hicks' result, in the velocity V, and the 
value of ^,, to the first order. 
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Section V. 

The motion of any number of fine Vortex rings on the same axis. 

I 38. The stream4ine function. 

The cross-sections of the rings are approximately circles. 

In each ring, let the yorticity be constant. Then m/m = constant^ over each ring. 

z 



Qs 



o, 





o 

Let (u = ^Mj^OT, IMgOT, ^MgOT, &c., in the several rings. 
The stream-function M/' satisfies 



dz^ '^ di!s^ " 


1 (^^ 

zsT dm 


dz^ "^ cfe3 " 


1 ^^ 




1 d-9 



cl?? 



d 



m^ 



m cvm 



dx 



= 0, outside the rings ; 

+ M^ts"^ = 0, inside the ring C^ ; 

+ Mgtjr^ = Oj inside the ring Cg? &c. ; 



while "*" and d^jdn are continuous everywhere. 

The value of ^ at any point m\ %\ ^\ outside the rings is given by 



^ 



CT A •;; — 
4:7r 



J J • 



m^ cos (j) dz dm dcj) 



\/W - «)^ + ^'^ - 2t^^' cos ^ + w'3| 



^OUj, 



where the integrals are taken throughout the volume of each ring. 

Consider the integral over the ring whose mean radius is c^, and cross-section a^, 
and whose central circle is distant %^ from the plane of xy. 

Let 



zjy 



% 



z^ + h 
6 z 2 
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Due to this ring alone 



W 



4.77 



c c r^'"" f 2 Of 



C^^ COS (p cl<p 



'ff 



- g^^J-l^l ^ Jo^{(^' ^ .^,)2 + t^'3 ^ 2c3t^:COS (^ + C,^} ' 



2^^t5i' COS ^ + c^^} 



t » a s 



(87) 



Take a point on the surface of the first ring. Let its coordinates be 

Cj •— % cos x? h + % ^^^ X- 
The part of "¥ due to the ring itself is 



2 



< 



log ^ _ 2 + ^^^'^1''^ 



1 a 



2 



-C0SX+ . . 

^'1 



« * 



. . (88). 



The part due to the ring C^ is 



M/t/ 



»7r(Ci-%C0Sx) 



e^ COS (|) ^<jb 



2 1 \/{(^i H- % sin % — %)^ + (% — % cos xf — 2% (Cj — % cos x) cos ^ + %^} 







Let the integral 



'TT 



CjCq cos ^ (i<^ 



JoV{(% - %)^ + ^1^^ - ^^ih cos^ + %^} 



be called Ijg. 

Then the part of '^ due to the ring C^ is 



jSjL.nLvn Og 



13 + «i sm X -^^ - «i cos X ^ 



a e * 



(89). 



a^Ci is constant : write 



|Mi tti^Cj 



m. 



TT 



Then at a point c^ — %cosx, % + ^i sin^, on the surface of the ring Cj, we find 



\j/ 



mi 



TT 



1 8ct ^ loff 8c J a. 
c^log - " — 2 ^- ^' ' 



4 'h 



r^i 



^ 



cosv + • • 



^ 









nic 



TT 



m^j 






cos Y -7^ 



"*|~ . . 



71 

j •aft 



I s » 



Ti3 + «.i. ^^n X ^ - «i cos X ^^^ 



, > 



.1 



a « 



(90). 



y 
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§ 39. The equations of Motion, 

Let the ring C^ be moTing forward with Yelocitj Zi 

Let its radius increase with velocity Cy The radius of the cross-section will change, 
but since ce/ c^ = const., 

1 ?i * 

and therefore {c^ijc-^ being small), a^ is negligible compared with Cy 
The normal velocity of any point on the ring's surface is 



%smx-c)iCosx 



a 



But the resolved part of the velocity along the normal to the ring is 



1 dW dm 1 d"^ d^ 

m d-uj ds m dz ds 



Therefore 



ds 



• • « 

= m (% sin X — Ci cos X'^ ^i) ' ' ' 



at the surface of the ring. 

Therefore at the surface of the ring C^ 



"¥ = 



J (h si 



sin X """ ^1 ^^^ X "" ^i) ^ ^^ 



(91) 



= j (zi sin X - Ci cos X - cfi) (ci - «i cos x) % <^X 

z=z --- a^Ci % cos X ""* ^1 ^1 ^1 si^ X + terms of higher ^orders . . (92). 

Comparing this with the value already found for '^^ at the surface of the ring, we 
obtain 



and 



If we write 



^1 ^1 



^1 ^1 = 



% /i.^^% 



27r\ 



log 



CO. 






4 



TT C^Ci 



TT 



cfe 



^% ^Ii3 , ^% ^1.18 r 



y , . . (93). 



TT 



(i^i 



TT dZi 



^ t/ItT/oc) i" 



TT 



13- 



u, 



then this equation may be written 



and 



^1 Ci ^1 



% <^i ^1 =• 



27r ^ ^ '^(^1 



-i + 



dJl 
dc^ 



*^ 



» . • 



• (94). 



Similar equations hold for each of the other rings. 
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§ 40. TiDO integrals of the equations. 

Since U is a function of Zi — %, Zi — z^, % — %, &c.j 

I ^ II ,1 I rn mnn s 1 

Thus S w^CjCj^ = 0. 
Therefore 



« • • « 



Again, multiply the equations by Cj, Zj, c^ %, &cc,^ and add. 
Therefore 

Remembering that a^^j = const. ; this equation gives on integration 

M ^ / 8c \ 
S~~ log-— ^ — I" ) + U = const (97). 

I 41. These integrals are the equations expressing the constancy of linear 
momentum and of energy in the system. 
They are easily obtained directly. 
The momentum 

«-— III ct'OT az acp « e • f 9 « 9 • 9 itjujf 

the integral being taken all over space. 

Since "9 and d^/dw are continuous everywhere^ this 



/.OO 



27r 



«; — 00 



(^^ — %)dz ........ (99), 



where ^^ = value of "^^ at a great distance from the axis, and % == value of "^ at 
Dne axis. 



Now 



. M^^ p w^e^ cos (^ dcf) 

o^/(z ■— z^y + m^ — 2 mCi COS (p + ^-[^^ 



00 ^ 



"^ ^ 9 /r^ _ ^A2" . ^3TI .......... (100), 



and 



2 ((^ ^ ^^)2 + ^3}. 



^0= 0. 



^^ 



Therefore the momentum 
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.00 



2^ 1 5 



277 X ^>^iCi 



0, a 



Cfm 



^d^ 



■ao 



{(z ^ z^ + w^Y 



^ , '"/^ sec^ 6 dO , , ^ z — z, 

. z I ^ where tan t) = -——-^ 

sec" m 



== 277 ^ ^i<^i'^ • 



t«-«to««« 



• * * 



. (101). 



§ 42. The kinetic energy is given by 



rn 



77 



'im+m'""^^ 



277 



f^^Af^ 1 d^\ 
J J w \ a,'4^" r/w^ ?JT dm 



(102). 



Now, outside the rin^ 



and inside the ring 



d^^ d^'i^ 
dz^ "^ dvj^ 


1 d^ 
m dm 




2riiiCi 



0, 



ira, 



At the surface of the ring 



\p 



77 



log 



8c, 



,. «% 



a. 



2 1 + S ™ Ii 

77 



o 



I . .' . • 



(103). 



Therefore, inside the ring C^ 



77 \ ^ « 






. (104). 



Integrating throughout this ring, the part of the kinetic energy arising from 
this is 

. (105). 



' t m^\ (log —' - l) + mi (77^3Il3 + molig +...)- 



• • 



Adding the integrals arising from the other rings, the kinetic energy 



4n.\tm,\{log^-i]-\-2tm,m,I,,^ (106) 



The equations of motion may be written in the interesting forms, 



m^c^z^ 



m^c^c^ 



1 8T 

8tt dc, 

1 dT 

877 9% 



• «• 4 i • i • 



(107). 
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The preceding work exemplifies an interesting fact about vortex motion. When 
the configuration of the vortices are known, their various velocities are obtained by 
linear equations ; just as in the case of gravitating matter, Imear equations give the 
accelerations of the various parts. 

§ 43. When there are only two rings, the equations of motion are— 



where 



m^z^ = - ( log 



cu 



fmmm /^ /% WMMw*^ 



'^Hh 



TTC^C^ 



2 



log 



Scc 



CLi 



I 
4 



+ "^h 



m 



3 



ell j 



ell 

+ ^^^ To. 



a 



a 



7n- 



ch, 



3 



«/ 



fTT 



Cj^o^ COS (jy €l(f> 



\/{(% - hf + ^1^ - '^hh cos ^ + c^] 



(108) 



The two integrals of these equations^ already found , are 



3 j_ n-vi ^ 3 -^ constant 



^1^1 i- ^^hfi% 



8 5 8 » e s s 



. (109), 



rii 



2 ^1 



log 



8c. 



a. 



nicf I -, 8c 



I +TcJlog 



9, 



'2 



C(^« 



4 



+ 'W^i/%1 = constant . (110). 



Suppose the ring (C J in front of the ring (C^). 
Then %^ — z^ is positive, and 



clz 



"IT 



^1% (h ~ ^^d cos ^ rZ<^ 



\/{(% - %)^^ + ^^1^ - Sc^Cg COS d + c^} 



The integral is easily seen to be positive. 

Therefore the radius of the front ring increases^ and of the back ring diminishes. 
These changes cause decrease and increase of the velocities^ so that it may happen 
that the second ring will overtake the first. 

That the motion is of this character was shown by Helmholtz, ' CiiELnE's Journal/ 
vol. 55j pp. 54, 55. 
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§44. Vortex Ring approaching a Fixed Plane. 

This question is at once reduced to the case of two vortex rings on the same axis. 
by taking the image of the ring in the plane. 



^ 



a 



o 



jt 



c 



>^ 




t--J — I 



Let z be its distance from the plane at any moment. 
The equation of energy gives 



<^{^^g'^-l 



p c^ cos j> cl(^ _ L 8^0 

J 0^/(4^.2 + 4c3 sinS (i^)} - % \^^& ~ 



\ 



where Cq, a^, are the values of o and a when the ring is at a great distance from the 
plane. 
Put 



Then 



TT 



^ = - — 2t/;. 



8c 
a 



8Cr 



<'(logr-|)-v'.^ + cMF-E) + ^=5F = Co(log"fa-|) . (Ill), 



a, 



where -ytTTTI ^^ ^^® modulus of the elliptic functions. 

This equation gives the relation between the radius of the ring and its distance 
from the plane. 
Put 



c 



MDCCCXCIII.^ — A. 



7 A 



= sin $, 
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Then 



c [log I] — 2c cosec ^ (F — E) + <^ Bin ^ ^ F =: Cq (log —^ — | j . (112). 



in addition to this o^c = a^c^. 



When the ring is so near the plane that z is much smaller than c^ though greater 
than a. 



z 

I I.J — — X « 

Therefore, 



F = log — ^ ^ — log -- . approximately. 



^(logf + i)-«o(log^"--|) (113). 



When the ring is near the plane, the equations of motion are 



Vy — — • •««a«»**>>*<'.|X X^ /• 



c:^ = — "-/log— + f ) ........ (115). 



From these, or more simply from the equation of energy 



c 






1T% ^ Cq 



Therefore 



rnel 



ira^ 






Let 



C/Gq — X 



2 



and 



Then 





k 


-^ 


log 


8c, 
«o 




. 1 

4' 


me^ 


ih 




h) 


W 




^-foj2 


'^%% 


.::c 



/tX-' a « . » • «. » * IXxOI. 
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The following Table shows the change in. the radius of a ring in which cja^ = 100. 
When the ring is near the plane, the approximate formula 



c (log -^ + i) = Co (log -^ 







4/ 



was used, but in other cases the exact formula. 



a 


a 


z 


c 




o 










45 




104 


1-04 




60 




61-8 


1-07 




70 




40-0 


110 




75 




30-5 


1-14 




80 




21-3 


1-21 




83 




16-0 


1-30 




85 




121 


1-38 




86 




10-1 


1-44 






10 


8-12 


1-52 






8 


6-26 


1-63 






6 


4-67 


1-80 






5 


3-60 


193 






4 


2-/ 5 


2-12 






3 


1*93 


2-42 




7 A% 
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§45. Vortex ring passing over a Fixed Spherical Ohstacle, 

When a vortex ring lies on a sphere concentric with a sphere in the fluid, the 
method of images may be applied, as is shown by Mr, Lewis, 'Q.J.M.,' vol. 16, p. 338. 




Let m^ be the strength of the external ring 

Cg its radius, 

Gc^ the radius of its cross-section, 

Z2 the distance of its centre along 0Z» 
Let mi, Cy a^, z^, be corresponding quantities for the image 
Then 



w.^ = - ^2 V ^' 



6S 



a 



a^ 



At any external point P (coor. z, ct, (j&). 



Ttt 



^F = m.y 



c^w COS ^ d(^ 



Jo\/{(^ -%)^ + ^^ 



2x^0^ cos <^ + %^} 



m 



2 



^ eXvii^ 



c^Ts COS (^ dj> 



z — z^f 4- tsr^ — 2otCi cos ^ 4- Cj^} ' 



The equation of energy becomes 
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m. 



^ 'V ^^ Jo v^{(% — ^i)2 + c/ -- 2c^C2 cos ^ + c/} 



= m^o (log -^- - i) (117), 

where a^^ and Cq are the vahies of a and c^ when the ring and sphere are a long way 
apart. 

Let the radius of the sphere be 1^. 

Changing to polar coordinates, let 



Co — T sin 6, 


C^ = 


7^3 

~ sin 6. 

r 


Z.2-= T COS 6, 


^2 = 


cos 0. 



Then 

{z^ ^ z^f + c/ - 2Ci% cos (^ + Cj^ = r^ + ~ ■-- 2F cos^ 6^ - 2F sin^ 6 cos^ (^ 



/^'^ 



Therefore 



m2 A 

7- j -{- 4P sin ^ sin^ ^ 



• /I A Srsin^ -\ 7 • o /) r cos 6 d6 
r Bin d log — t -^ ^^ sm^ 6/ —777 Tzm 7~r- o ^ . o ., x. 



y^osin^o log^^-^-^^^^'--^ 



8rn sin ^r, 

' 4 



% 



Also 

aV sin 6^ =. a^r^ sin ^q. 

Substituting a from the second equation, we have the path of the ring from infinity 
up to the sphere, i,e.^ the path of any point in the ring. 

Let 

T^ sin 6q = Cq and (^J(^o = ^. 



Then the above equation becomes 

r ?' sin "^ 
r sin ^ \ log 8n — | + f log \ — ^?' sin^ ^ 



"o 



(•TT 



COS <;& rt^cjS 



:=:co(log8;^--|) (118). 

When the centre of the ring coincides with the centre of the sphere, let 
r sin ^ = ts-, sin ^ = 1 ; and an easy transformation of the integral gives 
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t^ |log8n-| + flog 



OT 



'7r/2 



sin^ ^fr dyjr 



h x/w^ — k^sm^"^ 



= Co (log Sn - I). 



Therefore 



^0 



OT 



w tsr 



log8«-| + |log^ -2^^(F-E)-(log8^-|)=0. 



/{; c 







where the modulus of the elliptic function is ^7^^* 
Therefore 



i-"{log8w-|). . . (119). 



where sin a = P/ot^. 
Let Cq/^q or n = 100, 
Then 



\/ sin a 



= 2-467 l-f -fflogio 



tiT 



'Q 



It is easy to construct the following table :• 



oc. 


tJT. 


Cq, 


h 


o 








20 


1 


•98 


•58 


30 


1 


•90 


•71 


45 


1 


•82 


•84 


60 


1 


•70 


•93 



From which, taking Cq the value of the radius at infinity as the unit, we see that 
when Jc (radius of sphere) = *6, 'S, 1, 1*3; tsr, the radius of the ring when passing the 
middle of the sphere, = 1-02, M, I'S, 1-4. 

P § 46. Tivo coaxal rings of equal strength and volume moving in the same direction. 
Let the radii of the rings be c^ and c^, and the radii of their cross-sections a^ and %. 
Then 

a/^c^ = a/cg = constant (120). 



The equation of momentum is 
and the equation of energy is 



^i + % 



3 



2/c 



3 



9«* toe* 9 



. (121), 



^ This and the next paragraph have been altered since the paper was read, in consequence of a very 
yaluable suggestion of one of the Beferees. — July, 1893, 
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|(log«'' 



a. 



4/ + -I log"" 



7 \ i ^^ 



/ 



9 



a-, 



frr 



C^C^ COS <^ CZ(^ 



J \/ { (% — %)^ + q^ -- 2(?iC3 COS <^ + c/ } 



■ := constant (122), 



and if m be the strength of each ring. 



/Vl """* /V 



3 — 



??l f 1 /, %c. 

-- i — ( iop* 



a^ 



1 



_1_ 



log 



8& 



t^'c! 



4 






1 cff 1. d\ 



> • 



Let us write z^--- %^-=z z. 
Then 

\ dl 1 dl 

C-t CvC-i Ca CvCa 



\ 



Cj^ {c^ — 2c^c^ cos ^ + %^ + ;<J^)^ 



(c/ — CjCg COS ^ + ^^) Cg COS <^ d^ f"" {C^ — ^Cg COS + Z^) G^ COS ^ rZ^ 

% (^1^ — ^h% cos ^ + c/^ + #)t 
{?/ — C]L^ f "" (<^i^ — ^1% COS <^ + c^ + ;^^) COS ^ d^ 



Cg" 



Ttt 
J 



1^3 J (^1^ -- ScjCg COS ^ + c/ + a;^)^- 

GOB^d^ 1/^3 ^ 3\ f " (1 - siii^ ^) rZ^ 



1^3 J i^'i 



^ — 2ciG^ COS <|> + c/ + a;^)^ 



(./ - (^1^) cZ^ 



3 COS (f) + C^^ + Z^)-^ 



(Ci^ — 2c^c^ COS ^ + %^ + ;^^) 



3\t 



Therefore 



m f 1 / T 

2; = - ^ TT"! log 



TT L2C]L 



'"■ -i)-i('og''' 



a- 



2c, 



3 



^c 



i +(%'-«!') 



TT 



d4> 



(Ci^ - 2c^C^00S^ + C/ + 03)^^ 



(123). 



• • • 

Now the rings are at their greatest distance apart when z^ = z^ or when z vanishes. 

Now, equation (123) shows that this takes place when c^ = c^. 

When Ci = Cq let the value of each be /c, and let a^ and % ^^^^ = a. Also let 
^i> ^1 • ^3s ^3» ^^ t^^ values of Ci, a^ : c^, %? when % == %, ^.6., when the rings are in 
the same plane. 

Then these quantities are connected by the equations 



and 



^i\ 



3 ,.2 



3 l_ „ 3 



a^K 



J 



Ki + ^3' 



2fc 



s 



/f1 



8/^1 



%/i^^. ^'^s 7 



/"TT 



log -— - I j + - /log — - Ij + 



/Ci% COS <|> dip 



^y/{/C^^ — 2/^1/^3 COS ^ + K^^ 



Vi s^ 7\ . r ^^c( 



/c^ COS (f) d^ 



z^ — 2/c^cos^} 
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Thus, when we are given /c^ and k^, we have two equations to determine k and z ; 
or given z and k, the greatest distance apart of the two rings and their radius at that 
time, we have equations to find k^ and k^. 

One of the quantities, a^, a^, ot, is arbitrary, being the cross-section of the ring, 
when it has a definite radius. 

Let us take 

fC 

a = --- • 
n 

Also let 

Kj = Kv2 sin Oq and k^ :^ kv'Z cos 0q. 

Then the equation connecting z and ^q is 

^f^ [log 8n-i + flog {^/2 sin ^q)] + ^^[log 8n -^ | + I log {y^2 cob ^o)] 

1 [^ sin 2^Q cos (J) d^ 



"^V^Jo 



\/2 Jo v^(l — sin 2^Q cos ^) 

log8i^-|+^ ^^^-_^-#_-^„ ^^ .... (124), 

— 2 cos ^ ' 




This equation can only be satisfied when 0q is between certain limits /3 and 

{it/2) -~ ^. 

'The limiting values of ^q gi\re ^ = oo . 

When 0Q is between /3 and (ir/2) — ^, the equation gives a real value of « : this 
value becomes smaller as 6q approaches 7r/4. 
We have, therefore, the following theorem. 

If K\/2 sin 6q and /c\/2 cos 0q he the radii of tioo coaxal vortex rings of equal 
strength and volume when the rings are in the same plame {0q being < 7r/4, so that 

K\/2 sin 0Q is the radius of the inner ring) : then these two rings will continue to thread 
one another in turns, or will separate to an infinite distance according as 0q is > or 
< y8j where ^ is determined hy the equation 

^ [log 8^ ^ I + I log ( v/2 sin m + ^ [log 8n ^ | + f log ( v^S cos ^)] 

1 r^ sin 2/3 cos <^ dcj) _ .. ^^ 

"^ ^'2 Jo ^/ (1 - sin 2^ cos <^) "^ ^^^ ^^^ ~^ . . , . . {IZb). 

The following Table gives the values of ^, and thence of k^ and k^, for different 
values of n. 
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n. 


p. 


KyIk. 


Kc^JK. 


8 


18° 


•437 


1-345 


11 


19" 


•460 


1-337 


20 


20° 


•484 


1-329 


100 


22" 20'- 


•537 


1-308 


3300 


26" 


•620 


1-271 



Roughly speaking, when n is between 8 and 100, the ratio of Ki : % for this limiting 
case is between |- and f. 

The following diagram calculated from the equations (121)and (122) gives^for n= 100, 
simultaneous values of the radii of the rings and their distance apart in the limiting 
case in which the inner ring just goes to an infinite distance in front of the outer one. 

The radius of the front ring is given by an abscissa of the circle in the diagram, the 
radius of the back riug by the corresponding ordinate, and the distance apart by the 
abscissa of the curve. Thus NQ is the distance apart when the ratio of the radii is 
tan 30^, or when the rings have the radii OM and MP. 




§ 47. When 9^ is greater than the limiting value /3, the greatest distance apart to 
which the vortices can go is given by the equation (124). When 6^ is less than the 
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limiting value j8, the inner ring goes to a.n infinite distance from tlie enter one, 

increasing in radius towards the Hmiting vahie /cv2sin^^, the radius of the outer 

ring diminishing towards the Hmiting value k\/2 sin $a,. 
The equation determining 6^ is 



sin^o {log 8^ — | + |log(\/2sin^o)} + cos^o{log8?2 ~ I + f log(\/2cos ^o)} 

sin 20 Q cos <p cl(^ 



_-L 



Q Y^ (1 — sin 20Q cos j)) 



sin ^, {log Sn — 1+ 1 log( v/2 sin ^oo)} + cos 6^ {log M — 1+ |log( s/2 cos 9^)] (126), 



The table in § 46 gives 22° 20' as the value for ^ for rings in which n = 100. 

The tables below give the greatest distance the rings will separate for values of 
Oq > 22"" 20' ; and the radii at infinity of tlie rings for values of ^q < 22"" 20'. ki and 
K^ are the radii of the rings when they are in the same plane ; k/. Kg' are their radii 
when at an infinite distance apart^ if they separate ; and z is their greatest distance 
apart if they remain together. 
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